7.1 THE LAW OF SINES

For Thought 5. Note 3 = 180° — (12.2° + 33.6°) = 134.2°.

a 17.6
B h . 1 =
y the sine law sin 12.2¢ sin 134.2°

1. True, for the sum of the measurements of the

three angles is 180°. i c 176
88 sin 9° sin33.6°  sin134.2°°
2. False, asin17° = 88sin9° and a = — 17.6
sin 17 Soa=-———-sin12.2° ~ 5.2 and
5 sin 44° sin 134.2°
3. False, since o = sin™! OS2 )~ 11° and 176 . o
18 CcC = w -sin 33.6° ~ 13.6.
a =180 — 11° = 169°. sin 134.
4T 6. Note v = 180° — (39.5° + 66.7°) = 73.8°.
. True
. b 6.4
. sin60°  v3/2 1 By the sine law 7 = sm73.8°
5. True, since = = — and
V3 V3 2 and c 64
sin30° _ a1 sin39.5°  sin73.8°
= sin = —.
6.4
2 Sob= W‘Sin66.70%6.1
6. False, a triangle exists since a = 500 is bigger St 6'4
than h = 10sin60° ~ 8.7 . and ¢ = W -sin 39.5° ~ 4.2.
sin 73.
7. True, since the triangle that exists is a 7. Note 3 = 180° — (10.3° + 143.7°) = 26°.
right triangle.
8. False, there exists only one triangle and it b N a
is an obtuse triangle. 143.7
o 26°
9. True 10. True 10.3
. 48.3
7.1 Exercises
48.3
1. oblique Since — ¢ = = and
sin10.3°  sin 143.7°
2. law of sines b _ 48.3 h
Sin26°  sin143.707 0 e
. N = 180° — (64° 2°) = 44°. .
3. Note y =180° - (6 b+7 )136 az%.smm.s%ma and
i sin 143.
By the sine law — = — and 48
sin72°  sin 64° _ : . $in26° ~ 35.8
c 13.6 So b 13.6 ) 790 sin 143.7° '
. S == . Sob=——"sin
sindd®  sin64 sin 64 8. Note y = 180° — (94.7° 4 30.6°) = 54.7°.
~ 14.4 and ¢ = 640 -sin44° ~ 10.5. )
4. Note a = 180° — (16° + 121°) = 43°. 94.7° a
c 4.2 o
By the sine 1 = d 30.6° 54.7
Y e SIe W Gn16e ~ sini121e
a 4.2 4.2 3.9
= . = - sin 16°
s smi2ie’ 20T gmigre Sn10
. a 3.9
~ 1.4 and a = -sin43° ~ 3.3. Si = d
WA= Sinzre M T Sin30.6° ~ sinodre
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‘ _ 39 e have
sin54.7°  sin94.7°
a= YR -sin 30.6° ~ 2.0 and

= m -8in 54.7° =~ 3.2.

9. Note av = 180° — (120.7° + 13.6°) = 45.7°.

489.3
120.7° c
13.6° 45.7°
b
. c 489.3
Since 0860~ smase 204
b 489.3
: = = , we have
sin 120.7° sin 45.7°
489.3 . o
c= Sman e sin 13.6° ~ 160.8 and
489.3
b= ——— -sin120.7° ~ 587.9
sin 45.7°

10. Note 8 = 180° — (39.7° 4+ 91.6°) = 48.7°.

16.4
91.6° a
39.7° 48.7°
C
. a 16.4
Since = =07 = snas.re
c 164 .
Sin01.6°  sindgye’ o ave
a= & -sin 39.7° &~ 13.9 and
sin 48.7°
16.4
= % §in91.6° ~21.8
¢ Gndgqe SmOL6

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

11.

12.

13.

Draw angle o = 39.6° and let h be the height.

B
18.4 :
“h
39.6° .
A
Since sin 39.6° = ——, we have

18.4°
h =18.4sin39.6° ~ 11.7 . There is no triangle
since a = 3.7 is smaller than h ~ 11.7 .

Draw angle § = 28.6° and let h be the height.

C

40.7 .

. 525
28.6° : o

B

Since h = 40.7sin28.6° ~ 19.5 and b > h
and b > 40.7, there is exactly one triangle.
By the sine law, we obtain

40.7 B 52.5
sina sin 28.6°
. 40.7 sin 28.6°
in = -
Sma 52.5
sinae ~ 0.3711

o = sin~1(0.3711) 21.8°.

Then v = 180° — (28.6° 4 21.8°) = 129.6°.
c 52.5

Since 19060 ~ smas.6o "C B
52.5
=sin129.6° - ———— =~ 84.5.
€= 16 g R
Draw angle v = 60° and let h be the height.
A
20 :
-h
60° :
C
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7.1 THE LAW OF SINES

14.

Since h = 20sin 60° = 10v/3 and ¢ = h,
there is exactly one triangle and it is a right
triangle. So = 90° and a = 30°.

By the Pythagorean Theorem,

a =1/20% — (10v/3)2 = /400 — 300 = 10.

Draw angle @ = 41.2° and let i be the height.

C
10.6 .

41.2°

A

Since h = 10.6sin41.2° ~ 7.0 and
7.0 < a < 10.6, there are two triangles
and they are given by

10.6 .
.81
41.2° : By

and
10.6
-8.1
41.2°  DBo-

A

Apply the sine law to the acute triangle.

8.1 106
sin41.2°  sinf;
, ~ 10.6sin41.2°
sinff; = — =1
sinf; ~ 0.862

B1 = sin~1(0.862) 59.5°

So 1 = 180° — (59.5° 4+ 41.2°) = 79.3°. By

the sine law, ¢ = sin 79.3° ~ 12.1.

8.1
sin41.2°

15.

16.

419

On the obtuse triangle, £ = 180° — 31 =
120.5° and

vy = 180° — (120.5° + 41.2°) = 18.3°.

By the sine law, ¢y = sin 18.3° &~ 3.9.

sin41.2°
Since 3 is an obtuse angle and b > ¢, there is
exactly one triangle.

A
15.6

6.3
138.1°

Apply the sine law.

15.6 6.3
sin138.1°  siny
. 6.3 sin 138.1°
Sy = 15.6
sin y 0.2697

v = sin"1(0.2697) 15.6°

So o = 180° — (15.6° + 138.1°) = 26.3°. By
sin 26.3° ~ 10.3.

the sine law, a = 57
sin 138.1°

Draw angle v = 128.6°.
B

9.6
128.6°

Since ¢ < 9.6, no triangle exists.
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17.

Draw angle g = 32.7° and let h be the height.

37.5

32.7°

Since h = 37.5sin32.7° & 20.3 and
20.3 < b < 37.5, there are two triangles and
they are given by

C
37.5
D . 286
heo
32.7° : s
B
and .C
37.5
-'28.6
32.7° o
B

Apply the sine law to the acute triangle.

28.6 375
sin32.7° sinas
. 37.5sin 32.7°
sinqg = ——F7——
28.6
sin ai 0.708
g = sin1(0.708) 45.1°

So 2 = 180° — (45.1° + 32.7°) = 102.2° . By
28.6 o

m sin 102.2° ~ 51.7 .

On the obtuse triangle, we find

a1 = 180° — ag = 134.9° and

y1 = 180° — (134.9° + 32.7°) = 12.4°. By

the sine law, co =

the sine law, ¢; = sin12.4° ~ 11.4 .

28.
sin 32.7°

18.

19.

20.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

Draw angle o« = 30° and let A be the height.

B
40

30°

A

Since h = 40sin 30° = 20 and a = h, there is
exactly one triangle and it is a right triangle.
So 8 =60°, v =90°, and by the Pythagorean
Theorem we get b = /402 — 202 = 20+/3.

Draw angle v = 99.6°. Note, there is exactly
one triangle since 12.4 > 10.3.

A
12.4

10.3
99.6°

By the sine law, we obtain

124 103
sin99.6°  sinf
) ~10.3sin99.6°
sinfi - = 12.4
sin 8 0.819
B = sin"1(0.819) 55.0°.

So o = 180° — (55.0° + 99.6°) = 25.4° .
2.4
sin 99.6°
Draw angle o = 75.3° and let h be the height.

By the sine law, a = sin25.4° ~ 5.4 .

C

9.8 _

124
75.3° : B
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7.1 THE LAW OF SINES

So h =9.8sin75.3° =~ 9.5. Since a > h

and a > 9.8, there is exactly one triangle.

By the sine law, we find

9.8 12.4
sinB  sin75.3°
. 9.8sin 75.3°
sinf - = 12.4
sinf ~ 0.7645

B =sin"1(0.7645) ~ 49.9°.

So v = 180° — (49.9° 4 75.3°) = 54.8° .
c 12.4

Since S5 T sm7p3er Ve have
12.4
— SinH4.8° A 10.5.
c=sm sin 75.3°

21. Since two sides and an included angle
are given, the area is

1
A= (12.9)(6.4)sin 13.7° ~ 9.8,

22. Since two sides and an included angle
are given, the area is

A= Z(42.7)(64.1) sin 74.2° ~ 1316 8.

1
2
23. Draw angle o = 39.4° .

12.6
~ 13.7
39.4° g
By the sine law, we obtain
126 13.7
sinff  sin39.4°
sng — 12.6 sin 39.4°
B 13.7

sin3 ~ 0.5838
B =sin"1(0.5838) ~ 35.7°.

Then v = 180° — (35.7° + 39.4°) = 104.9°.

1
The area is A = 3 absin~y =

1
5+ (13.7)(12.6)sin 104.9° ~ 83.4.

421

24. Draw angle § = 74.2° .

19.7
o 23.5

74.2° v

By the sine law, we find

9.7 23.5
siny  sin74.2°
. 19.7sin 74.2°
siny = ———
23.5

siny ~ 0.8066
v =sin"1(0.8066) ~ 53.77°.

Then o = 180° — (53.77° + 74.2°) = 52.03°.

1
The area is A = ibc sina =

1
5(23.5)(19.7)5in 52.03° ~ 182.5.

25. Draw angle o = 42.3° .

b

42.3° 62.1°

14.7

Note v = 180° — (42.3° + 62.1°) = 75.6° .
By the sine law,

b _ 14.7
sin62.1°  sin 75.6°
14.7
b = —  .&in62.1°
sn75.6e omo
b ~ 13.41.

The area is A = ibc sina =

1
5(13:41)(14.7) 5in 42.3° = 66.3.
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422 CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

26. Draw angle v = 98.6° . 28. Draw angle § = 25.6° .
A
¢ ¢
N 17.3
b B 430
98.6° 3247 - . 25.6° &
24.2 B a
Note o = 180° — (98.6° + 32.4°) = 49° . Note o = 180° — (25.6° + 74.3°) = 80.1° .
By the sine law, By the sine law, we get
b 242 a B 17.3
sin32.4°  sin49° sin80.1°  sin25.6°
24.2 .
— ; 4° = ———in&0.1°
b sin 49° sin 32.4 ¢ sin 25.6° S
b ~ 17.181. a =~ 39.44.
1 . .
The area is A = iab siny = The area is A = §ab sin~y =
1 1 . o
5(24.2)(17.18) sin 98.6° & 205.6. 5(39.44)(17.3) sin 74.3° =~ 328.4.
27. Draw angle o = 56.3° . 29. Divide the given 4-sided polygon into two
triangles by drawing the diagonal that
b connects the 60° angle to the 135° angle.
~ 9.8 On each triangle two sides and an included
A angle are given. The area of the polygon
56.3° 41.2

is equal to the sum of the areas of the
two triangles. Namely,

%(4)(10) sin1200+%(12+2\/§)(2\/6) sin 45° =

Note v = 180° — (56.3° + 41.2°) = 82.5° .

1
By the sine law, we obtain 20(v/3/2) + 5(24\/6 + 4v 18)(\/5/2) =
1
¢ _ 98 10v3 + = (12v/12 + 2v/36) =
sin 82.5° sin 56.3° 2
_ 10v3 4+ 612 + /36 = 10v/3 + 12/3 + 6 =
c = —————sin82.5°
sin 56.3° 224/3 + 6.
c ~ 11.679. o . . .
30. Divide the given 4-sided polygon into two
The area is A — lac sin § = triangles by drawing the diagonal that
2 connects the 89° angle to the 109° angle.
1(9.8)(11.679) §in41.2° ~ 37.7. On each tri.angle two sides and an include'd
2 angle are given. The area of the polygon is

equal to the sum of the areas of the two
triangles. Namely,
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7.1 THE LAW OF SINES

1
3 (140)(129.44) sin 70°+
1
3 (120)(93.67) sin 92° ~
14,131 ft2.

31. Let x be the number of miles flown along I-20.

12 30 9V

60° 40°

T 12
By the sine 1 - .
y Uhe SIne Jaw, ‘57800 sin40°

Then x ~ 18.4 miles.

32. Let x be the distance of the final leg.

There is a 72° angle because of the 162°

bearing. There is a 38° angle because of

the 308° bearing. Since 3 + 38° = 72°,

B = 34°. Since opposite angles are equal,
v =38°. So a = 52° . From the sine law,
— = Sii%io. So x & 563.7 miles.

33. Let x be the length of the third side.

423

There is a 21° angle because of the S21°W
direction. There are 36° and 82° angles
because opposite angles are equal and because
of the directions N36°W and N82°F.

Note a = 180° — (82° + 36°) = 62° and

B =180—(21°+36°+62°) = 61°. By the sine

law, = sin57° & 460.27. The area is

sin 61°

1
5 (460.27)(480) sin 62° ~ 97,535 sq_ .

34. Let x be the distance Jill sailed.

x ° .
Iy

Note that o = 86°. By the sine law,
2
: — % Then = ~ 8.9 miles.
sin 13° sin 86°

35. Let h be the height of the tower.

19.3° 18.1°
a 32.5

By using right triangle trigonometry, we get

tan 19.3° = — = —————— Similarl
an " or a tan10.3° imilarly,
h
we have tan 18.1° = ————. Then
a+ 32.5
tan18.1°(a 4+ 32.5) = h
atan18.1° + 32.5tan18.1° = h
_. 18.1° 2. 18.1° =
tan 10.3° tan 18.1° + 32.5tan 18 h
tan 18.1°
—_— 2. 18.1° = h.
tan 19.3° + 32.5tan 18 h

Solving for h, we find that the height of the
tower is h =~ 159.4 ft.
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36. Let h be the height of the building.

30.4° 23.2°
a 55.4

By using right triangle trigonometry, we get

h
tan30.4° = — or a = . Similarly,
a

tan 30.4°

h
have tan23.2° = ————. Th
we have tan P en

tan23.2°(a 4+ 55.4) =
atan23.2° + 55.4tan23.2° =

> >

-tan 23.2° 4+ 55.4 tan 23.2° =

tan 23.2°
tan 30.4°

tan 30.4°

Solving for h, we find that the height of the
building is h ~ 88.1 ft.

37. Note, tany = 6/12 and 7 = tan=1(0.5) ~
26.565°. Also, tana = 3/12 and
a = tan=1(0.25) ~ 14.036°.

o B 0
A 14 C 2

The remaining angles are § = 153.435°
and w = 12.529° .

By the sine la 4B = 14
Y W Gin153.435°  sin 12.529°
BC 14

d sin 14.036°  sin 12.529°°
Then AB ~ 28.9 ft and BC ~ 15.7 ft.

+55.4tan23.2° = h.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

38. Let x be the distance up the hill.

x 267

x 400
By the sine 1 i = .
y the sine law, we obtain Sn1l8°  sino6

So x ~ 805.7 ft, and yes the tree will have
to be excavated.

39. The kite consists of two equal triangles. The
area of the kite is twice the area of the triangle.

1
It is 25(24)(18) sin40° ~ 277.7 in.

40. Since two sides and an included angle are
given, the area of one wing, which is a
two-sided triangle, is
1
5(37.6)(19.2) sin 68° & 334.7 ft2.

41. a) Consider the triangle where A is the center
of the earth, B is a point on the surface
of the earth, and C' is a point on the
atmosphere.

A

The angle at B is 120°. Let « be the angle
at C'. Using the Sine Law, we obtain

3960 3950
sin120°  sin 0%
. 3950 sin 120°
YT 73960
v &~ 59.75°.

The angle at A is a ~ 0.25°.
Then d is given by
3960 d
sin120° sin0.25°
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7.1 THE LAW OF SINES

3960 sin 0.25°
sin 120°
d =~ 19.9 miles.

d

b) In the picture given in part a), let 6 be the

angle at A. Using sine law, one finds
sin 6 _ sin(120°)
93,000,000 93,003,950

93,000, 000 sin(120°)

0 = sin!
i ( 93.003, 950

6 ~ 59.99578°.

Suppose the sun is overhead at noon and
the earth rotates 15° every hour. Since

59.99578

15
hours since noon), when the angle of

elevation is 30° the time is 1 second
before 4:00 p.m.

c) In the triangle in part a), at sunset the
angle at B is 90°. If d; is the
distance through the atmosphere at
sunset, then d? + 39502 = 39602 or
d = /39602 — 39502 =~ 281 miles.

42. Consider the right triangle where A is a
point on the surface of the earth.
C B

~ 3.999719 (the number of

A

The distance AC' that the sunlight passes
10

cos 60°

43. Let t be the number of seconds since the
cruise missile was spotted.

= 20 miles.

is given by AC =

B C

35°

425

Let B be the angle at B. The angle formed
by BAC is 180° — 35° — 3. After t seconds,

the cruise missile would have traveled 548 ——

3600
miles and the projectile 688% miles. Using
the law of sines, we have

548t 688t
3600 _ 3600
sin(145° — 3) sin 35°
548 688
sin(145° — ) sin35°
548 sin 35°
= 145° —sin™! [ ——_———
06 sin ( 683 )

3 117.8°.

Q

Then angle BAC' is 27.2°. The angle of
elevation of the projectile must be the
angle DAB which is 62.2° (= 35° + 27.2°).

. Let ¢ be the number of seconds since Jones

threw the ball.

C

60° 50°
A

After t seconds, Smith would have ran 17t feet
and the ball would have covered 60t feet. Note,
the angle ZABC is 110°. Using the law of
sines, the angle # is given by

17t 60t
sinf ~ sin110°
17 60
sinf  sin110°
.4 (17sin110°
0 = sin (60)
0 ~ 15.4°.
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45.

46.

Let ¢ be the number of seconds it takes the fox
to catch the rabbit. The distances travelled by
the fox and rabbit are indicated below.

C
fox: 6.5¢

rabbit: 3.5¢
1209

B 30

Apply the sine law as follows:

6.5t 3.5t
sin120°  sin B
3.5v/3
B 3.5v3
Sin 13

Note, C' = 60° — arcsin (3 5\[) Then

30 3.5t
sin C' sin B
30sin B
b= 3.5sinC 7o

It will take 7.5 sec to catch the rabbit.

Let ¢ be the number of seconds it takes the fox
to catch the rabbit. The distances travelled by
the fox and rabbit are indicated below.

C
fox: 6.5¢

rabbit: 3.5(t + 1)
1209

B 30

Apply the sine law as follows:

3.5(t+1) 6.5t
sin B ~ sin120°

% (1)

Note, C' = 60° — arcsm( 73 (1 + ))

sinB =

49.

50.

51.

52.

53.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

Then
30 B 6.5t
sin C sin 120°
30 13t

sin (600 arcsm(“f (1—1— ))) N ﬁ

Using a solver from a calculator, the solution
to the above equation is

t =~ 8.37 sec

which is the time it will take the fox to catch
the rabbit.

The shortest side is 7 cm. The angle opposite
the shortest side is 90° — 64° = 26°. If h is the
hypotenuse, then

7

= ~ 16. .
h S 96° 6.0 cm

If = is the longer leg, then

x = hsin64° ~ 14.4 cm.

V11

cosa = —y/1—(=5/6)? 5
sin «v —5/6 5v/11
tana = = =
CcoS « —\/11/6 11

Rewrite as y = 5sin (4 (z — §)) — 3.
2 om

2
Th litude is 5 iodis — = — =—
e amplitude is 5, period is 5 1 5

phase shift is g, and the range is [-5—3,5— 3]
or [—8,2].
2r 2w

Since B = 7, the period is — = — =
B s

Solve mx —m = jm where j is an integer. Then

z—1 = j
r = j7+1

Since k = j + 1 is an integer, the asymptotes
are the vertical lines z = k.
The range is (—oo0,—3 + 2] U
(—o0, —1] U [5, 00).

[3 + 2,00) or

3 —3sin?z = 3(1 —sin?z) = 3cos’ x
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7.1 THE LAW OF SINES

54. Note, (sinz + cosz)? = sin® z 4 2sinz cos z +

cos?x =14 2sinzcosz = 1 + sin 2z.

Then (sin z 4 cos z)* — sin 22 = 1
Thinking Outside the Box

LX. Place the box on the floor so that it stands
24 in. up the floor, and the dimensions of the
box that faces the floor is 4 in.-by-24 in. Then
place 8 cans on the bottom row of the box,
then 7 cans on top of the row of 8 cans, then
8 cans on the top of the row of 7 cans, and so
on. All the cans in the box are tangent to each
other.

Note, the top most part of any can in the sec-
ond row is

3+ V7.75 inches

from the floor by the Pythagorean Theorem.
Also, the distance from the floor to the top
most part of any can on the top row is

3+ 7V7.75 =~ 22.5 inches.

Thus, you will stack nine rows of cans with
five of the rows having 8 cans each, and four
of the rows have 7 cans each. Hence, there are
a total of 68 cans (= 5(8) + 4(7)).

LXI. Let z be the number of bricks. Working to-
gether for six hours, the number of bricks that
Red lays is 62/10—60, and Slim lays 6x/12—60
bricks. All together, we find

6 6
ﬁx—60+ﬁx—60fx.

The solution is x = 1200 bricks.

7.1 Pop Quiz
1. v=180° — 8° — 121° = 51°
2. Using the sine law, we obtain

a 38.5

sin20.4°  sin132.3°°

427

Solving for a, we find

- 38.5sin 20.4°
~ sin132.3°

3. Using the sine law, we obtain
7.4 10.6
sin33.5°
Solving for sin 8, we find
10.6 sin 33.5°

7.4

~ 18.1.

sinsin 3

sinfg =

Solving for 3, we obtain

10.6 sin 33.5°
ol
f =sin ( 74 )

or

5 = 180° — sin—L (10.6511133.50)
= — S1n e — .

7.4
Thus, 8 ~ 52.2° or § ~ 127.8°.

4. The area is

1
A = 5(6)(15) sin 66.7° ~ 41.3 ft2.

7.1 Linking Concepts

a) Consider the right triangle where the length of
the side opposite the 36° angle is one-half the
length of a side of the pentagon.

36°

. The area of an isosceles

Note, h =
oLe, cos 36°

triangle with two sides of equal length h and
1
an included angle of 72° is B (h)*sin72°. The

area, A, of the pentagon is given by

1 r 2
A = - = in 72°
g 2 (cos 36°> sin 7

2

5 r
2 cos? 36°
5 2

r : [¢] [¢]
— im(z Sln(36 )COS(36 ))

A = 5r’tan36°.

sin 72°
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428 CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

b) Consider the right triangle where the length of

o

the side opposite the angle is one-half the

n
length of a side of the regular polygon.

r
180°/n
h
Note, h = m. The area At of an

isosceles triangle with two sides of equal length
o

h and an included angle of is

1 . (360°
A = 2(h)251n( - ) .

The area, A, of the regular polygon is given by

A = 7L.% (Cu%lgbo/n))anm36o°/n)

2

n r ' o
2 cos2(180° /n) sin(360°/n)

7’L7’2

= m@ sin(180°/n) cos(180° /n))

9 (180")
nr-tan .
n

c) If A is the area of a regular polygon and 7 is the
radius of the circle inscribed in the polygon,
then A varies directly with 72.

A =

d) The proportion constants are
10tan 18° =~ 3.249,
1000 tan(0.18°) ~ 3.141603, and

180°
106 ¢
an < 100

) ~ 3.141592654.

e) When n is a large number, the shape of a
regular n-gon approximates the shape of a
circle. The area A of a circle with radius r

180°
can be approximated by nr? tan ( )
n

where n is a large number. That is, if n = 10°
then A =~ 3.141592654r2; or better, A = 7r2.

f) Based on the triangle in part b), if L is the
length of one side of a regular n-gon then

180° L/2
n ( ) = L Moreover,

n h
1 o
L = 2hsin( 80 >
n
_ r . 180°
= (180°> sin -
cos
n
180°
= 2rtan ( ) .
n

Multiplying the last quantity by n, we get
the perimeter of an n-gon, namely,

180°
P = 2nrtan ( > .
n

g) The circumference C' of a circle with radius r

180°
could be approximated by 2nr tan( )
n

where n is a large number, or
C =~ 2r(3.141592654)

or exactly by C' = 27r.

h) The vertical asymptotes of y = x tan (F) are
x

© = w where ~ = g + k. Solving for w, one
w

finds w = 1 Thus, the vertical
asymptotes are x = 1 where k is an
integer. Note, y = 7 is the horizontal

asymptote.
y

Copyright 2013 Pearson Education, Inc.



7.2 THE LAW OF COSINES

For Thought

True

False, a = v/¢2 + b2 — 2bc cos a.
False, ¢2 = a? + b? — 2abcos 7.
True
False, it has only one solution.
True

True

® N S o~ ® b -

True
3.42 +4.22 —8.12

©

2(3.4)(4.2)
has no real solution 7.

10. False, an obtuse triangle exists.

7.2 Exercises
1. law of cosines
2. triangle inequality

3. By the cosine law, we obtain
c=4/3.12+2.92 — 2(3.1)(2.9) cos 121.3°
~ 5.23 ~ 5.2. By the sine law, we find

3.1 5.23
sima  sin121.3°
. 31sin121.3°
sinoa — T

sinae ~ 0.50647
o ~sin"1(0.50647) ~ 30.4°.

Then 3 = 180° — (30.4° + 121.3°) = 28.3°.

4. By the cosine law, we get

True, since cosy = ~ —1.27

a=+/11.42 + 10.3%2 — 2(11.4)(10.3) cos 40.2°
~ 7.53 ~ 7.5. By the sine law,

10.3 7.53
sinf  sin40.2°

. 10.3sin40.2°
sinfp = 7.53
sinf =~ 0.8829

62.0°.

Q

3 ~ sin1(0.8829)

429

Then v = 180° — (62° + 40.2°) = 77.8°.

5. By the cosine law, we find
6.1% + 5.2 — 10.3
= ~ —0.6595
cosj 2(6.1)(5.2)
and so 3 ~ cos™1(—0.6595) ~ 131.3°.

By the sine law,

6.1 10.3
sin « sin 131.3°
6.1sin131.3°
10.3
sinae ~ 0.4449

o~ sin~1(0.4449) ~ 26.4°.

sinae =

So y = 180° — (26.4° 4 131.3°) = 22.3°.

6. By the cosine law, we obtain
7.9% +6.5% — 13.6?
8V = o) - el
and so 7 ~ cos~!(—0.7819) ~ 141.4°.
By the sine law, we have
6.5 13.6
sin «v sin 141.4°
6.5sin 141.4°
13.6
sina ~ 0.29818

o ~sin"1(0.29818) ~ 17.3°
Also, 3 = 180° — (17.3° + 141.4°) = 21.3°,

sinae =

7. By the cosine law,
b=/2.42 +6.82 — 2(2.4)(6.8) cos 10.5°

~ 4.46167 ~ 4.5 and
2.4%2 + 4.46167% — 6.82

cosq = 3(2.4)(4.46167) ~ —0.96066.

So a = cos™1(—0.96066) ~ 163.9° and
~v = 180° — (163.9° + 10.5°) = 5.6°

8. By the cosine law,
c= /132 + 14.92 — 2(1.3)(14.9) cos 9.8°

~ 13.62 ~ 13.6 and
14.9%2 + 13.622 — 1.32

- ~ 0.99987.
cos e 2(14.9)(13.62)

So a = cos~1(0.99987) =~ 0.9° and
B =180° — (0.9° + 9.8°) = 169.3°.
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9. By the cosine law,

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

13. By the cosine law,

10.

11.

12.

12.22 + 8.12 — 18.52
2(12.2)(8.1)

Then a = cos™1(—0.6466) ~ 130.3°.
By the sine law,

cosa = ~ —0.6466.

122 185
sin3  sin130.3°
. 12.28in 130.3°
sinf = ———
18.5
sin 3 0.5029
B ~ sin~1(0.5029) 30.2°

So v = 180° — (30.2° + 130.3°) = 19.5°

By the cosine law,
30.42% + 28.9%2 — 31.62

cosy = 2(30.4)(28.9) =~ 0.433.
So v = cos™1(0.433) ~ 64.3°.
By the sine law,
289 31.6
sin 8 sin 64.3°
) 28.9sin 64.3°
sinf = 31.6
sinf ~ 0.824
~ sin1(0.824) 55.5°

So a = 180° — (55.5° 4 64.3°) = 60.2°

By the cosine law, we obtain

a=/9.32 +12.22 — 2(9.3)(12.2) cos 30°

~ 6.23 ~ 6.2 and

6.23% +9.3% — 12.22
2(6.23)(9.3)

So v = cos™1(—0.203) ~ 101.7° and

B = 180° — (101.7° + 30°) = 48.3°.

cosy = ~ —0.203.

By the cosine law, we find

b= +/10.32 + 8.42 — 2(10.3)(8.4) cos 88°

~ 13.062 ~ 13.1, and using b ~ 13.062 we find
13.062% + 8.4% — 10.3?

6.32 +6.82 — 7.12
2(6.3)(6.8)

cos 3 =

~ 0.4146.

So 8 = cos™1(0.4146) ~ 65.5°.

By the sine law, we have

6.8

7.1

sin ~y
siny =

siny =~

v & sin"1(0.8715) =~

sin 65.5°

6.8 sin 65.5°
7.1
0.8715

60.6°.

So a = 180° — (60.6° + 65.5°) = 53.9°.

14. By the cosine law,

412 +6.22 — 9.82

o8B = 1) 6.2)

~
~

—0.8023.

So 3 = cos™1(—0.8023) ~ 143.4°.

By the sine law, we find

6.2 9.8
siny  sin143.4°
. 6.2sin 143.4°
smy = ——
9.8
sin y 0.3372
v & sin~1(0.3372) 22.2°.

Then o = 180° — (22.2° + 143.4°) = 14.4°.

15.

Note, av = 180° — 25° — 35° = 120°.

Then by the sine law, we obtain

7.2 b

c

sin120°  sin 25°
from which we have

_ 7.2sin25°
~ sin120°

and

_ 7.2sin 35 ~ 48,

sin 120°

~ sin35°

~ 3.5

16. Note, 3 = 180° — 120° — 20° = 40°.

Then by the sine law, we obtain

cos o = =~ 0.616.

2(13.062)(8.4)

So a = cos™1(0.616) ~ 52.0° and 12.3 a c

v A 180° — (52.0° + 88°) ~ 40.0°, sind0°  sin20°  sin 120°
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7.2 THE LAW OF COSINES

17.

18.

19.

20.

21.

22.

23.

24.

25.

from which we have

12.3 sin 20°
=— =x~06.5
sin 40°
and
_ 12.3sin120°

~ 16.6.
sin 40°

There is no such triangle. Note, a + b = ¢ and
in a triangle the sum of the lengths of two sides
is greater than the length of the third side.

There is no such triangle. Note, a + ¢ < b and
in a triangle the sum of the lengths of two sides
is greater than the length of the third side.

One triangle exists. The angles are uniquely
determined by the law of cosines.

One triangle exists. The angles are uniquely
determined by the law of cosines.

There is no such triangle since the sum of
the angles in a triangle is 180°.

There is no such triangle. By drawing angles
v = 120° and a = 62°, one will find that sides
a and ¢ do not intersect. And, so a third vertex
does not exist.

Exactly one triangle exists. This is seen by
constructing a 179°-angle with two sides that
have lengths 1 and 10. The third side is con-
structed by joining the ndpoints of the first
two sides.

Exactly one triangle exists. This is seen by
constructing a 2°-angle with two sides that
have lengths 10 and 4. The third side is con-
structed by joining the ndpoints of the first
two sides.

Consider the figure below.
A

26.

27.

28.

29.

30.

31.

431

Note, h = 8sin45° = 2v/2. Then the mini-
mum value of ¢ so that we will be able to make
a triangle is 21/2. Since ¢ = 2, no such triangle
is possible.

Consider the figure below.

C
b=1 :
“h
60° .
A
Note, h = sin 60° = \ég So the minimum

value of a so that we will be able to make

. . V3. 3
a triangle is —. Since a = —, exactly one

triangle exists and it is a right triangle.

16+9+10
2

A= /1750175 —16)(17.5 — 9)(17.5 — 10)
= /17.5(1.5)(8.5)(7.5) ~ 40.9 .

Note S = = 17.5. The area is

1248417
2

A= /185(18.5 — 12)(18.5 — 8)(18.5 — 17)
= /18.5(6.5)(10.5)(1.5) ~ 43.5 .

Note S = = 18.5. The area is

3.6+98+38.1
2

V10.75(10.75 — 3.6)(10.75 — 9.8)(10.75 — 8.1)
= /10.75(7.15)(0.95)(2.65) ~ 13.9 .

Note S = = 10.75. The area is

5.4+ 82+12
2

V128(12.8 = 5.4)(128 —8.2)(128 — 12) =
VI12.8(7.4)(4.6)(0.8) ~ 18.7 .

Note S = = 12.8. The area is

346 + 234 + 422
2

V/BOL(501 — 346) (501 — 234) (501 — 422) =
V/BOL(155)(267)(79) ~ 40,471.9 .

Note S = = 501. The area is
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

124.8 4+ 86.4 + 154.2
2

Note S = = 182.7.

The area is
V/182.7(182.7 — 124.8) x
V/(182.7 — 86.4)(182.7 — 154.2)
V/182.7(57.9)(96.3)(28.5) =~ 5388.2 .

Since the base is 20 and the height is 10,

1 1
the area is ibh = 5(20)(10) = 100.

T+8+5
-

Area is 1/10(10 — 7)(10 — 8)(10 — 5) =
0@ 2)(5) ~ 17.3.

Note S = 10.

Since two sides and an included angle

1
are given, the area is 5(6)(8) sin 60° ~ 20.8.

Since the base is 12 and the height is 9,

1 1
the area is ibh = 5(12)(9) = 54.
Note S = w;m =13.

The area is 1/13(13 — 9)(13 — 5)(13 — 12) =
13(4)(8)(1) ~ 20.4

Since two sides and an included angle are

1
given, the area is 5(9)(15) sin 14° ~ 16.3.

Recall, a central angle « in a circle of radius r
intercepts a chord of length rv/2 — 2 cos a.
Since r = 30 and a = 19°, the length is

302 — 2co0s19° =~ 9.90 ft.

Recall, a central angle « in a circle of radius r
intercepts a chord of length rv/2 — 2 cos a.
Since r = 3 and a = 20°, the length is

3v2 — 2cos 20° ~ 1.04 miles.

Note, a central angle « in a circle of radius r
intercepts a chord of length r/2 — 2 cos a.
Since 921 = rv/2 — 2 cos 72° (where 360 = 5 =

021 ~ 783.45 ft.

72), we get r = ———x—
V2 —2cos72°

42.

43.

44.

45.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

Note, a central angle « in a circle of radius r
intercepts a chord of length rv/2 — 2 cos a.

Since 10 = ry/2 — 2cos60° (where 360 ~ 6 =
1

10 =10 ft.

V2 —2cos60°

After 6 hours, Jan hiked a distance of 24 miles
and Dean hiked 30 miles. Let z be the distance
between them after 6 hrs.

60), we get r =

24

By the cosine law,
x = /302 + 242 — 2(30)(24) cos 43° =
V1476 — 1440 cos 43° ~ 20.6 miles.

After 3 hours, Andrea flew a distance of 540
miles and Carlos flew 720 miles. Let = be the
distance between them after 3 hrs.

. 80° 540

The obtuse angle in the triangle is 130°.
By the cosine law,

@ = \/T20% + 5407 — 2(720)(540) cos 130° =
/810,000 — 777, 600 cos 130° ~ 1144.5 miles.

By the cosine law, we find

1.22 +1.22 -0.42

ORET TTH1.2)(1.2)
cosa ~ 0.9444
a ~ cos 1(0.9444)
o ~ 19.2°
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7.2 THE LAW OF COSINES

46. Let x be the length of the guy wire.

47.

48.

49.

Note a = 62° and § = 118°.
By the cosine law,

x = /102 + 62 — 2(10)(6) cos 118° =
V136 — 120 cos 118° ~ 13.9 ft.

Let a, G, and = be the angles at gears A, B,
and C. The length of the sides of the triangle
are b, 6, and 7. By the cosine law,

cosa = TAE-T
2(5)(6)

cosae = 0.2
a = cos 1(0.2)
a =~ T78.5°.

By the sine law,

6 7

sinfi sin78.5°

sin = 0.8399
B~ sin"1(0.8399)
68 =~ 57.1°

Then v = 180° — (57.1° + 78.5°) = 44.4°.

Let x be the distance the target has moved
from the time it was fired to the time it was
hit. By the cosine law,

x = /9242 + 8207 — 2(924)(820) cos 9° =
V1,526,176 — 1,515,360 cos 9° ~ 171.7 m.

By the cosine law,
AB = /5.32 +7.62 — 2(5.3)(7.6) cos 28° =
\/85.85 — 80.56 cos 28° ~ 3.837 ~ 3.8 miles.

Likewise,

3.837% +5.32 — 7.62

cos(/CBA) = 2(3.837)(5.3)

50.

51.

433

cos(/CBA) =~ —0.3675
/CBA =~ cos 1(—0.3675)
/CBA 111.6°

and /CAB = 180° — (111.6° + 28°) = 40.4°.

By the cosine law, one finds

1.017% = .133% 4 .894% — 2(.133)(.894) cos o
13374 .8947 — 1.017?
cosae = 2(.133)(.894)
1 -133% +.8942 — 1.017*
o = CO
2(.133)(.894)

a =~ 156°

and 6 ~ 180° — 156° = 24°.

The pentagon consists of 5 chords each of

o

which intercepts a = 72° angle.

By the cosine law, the length of a chord is

given by /102 + 102 — 2(10)(10) cos 72° =
/200 — 200 cos 72° ~ 11.76 m.

52. By the cosine law, we obtain

B2y 12
cosa = 06
49
cosa = o
= cos 1(49/50)
a =~ 11.5°.

53. Consider the figure below.

1 36

\

Note tan a = 22/36 and

a = tan"1(22/36) ~ 31.4°. The distance
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54.

55.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

between (36,8) and (0,30) is approximately
42.19. By the cosine law,

302 + 30% — 42.19?
2(30)(30)
cosf ~ 0.011
~cos 1(0.011) ~ 89.4°.

cosff =

So 62 = 180° — 89.4° = 90.6°.
By the sine law, we find
30 42.19
sin y sin 89.4°
siny ~ 0.711
vy sinT1(0.711) ~ 45.3°.

Then 6 = 90° — (45.3° + 31.4°) = 13.3°.

Since the arc length s = 2.5 mm intercepts
an arc o, we have 2.5 = 10« or o = 0.25.
Then a flat side of the shaft intercepts a
27 — 3(0.25)
3
cosine law, the length of a flat side is

\/102 + 102 — 2(10)(10) cos(1.844) ~
15.94 mm.

~ 1.844 radian angle. By the

a) Let oy, and ajs be the minimum and
maximum values of «, respectively.
By the law of cosines, we get

865,000% = 2(91, 400, 000)>—2(91,400, 000)? cos ay.

Then

o1 (2(91400000)2 - 8650002> 57.
ay =

2(91400000)2
ay  ~ 0.54°.

Likewise,

_, {2(94500000) — 8650007
QG = COS
2(94500000)2
an =~ 0.52°
b) Let (3, and By be the minimum and

maximum values of 3, respectively. By
the law of cosines, one obtains

2163% = 2(225,800)% — 2(225,800)? cos ;.

Then
_1 { 2(225800)% — 21632
_ 1
P = cos ( 2(225800)2
By~ 0.55°.
Likewise,
5 4 2(252000)% — 21632
= COS
" 2(252000)2
Bm =~ 0.49°.

c) Yes, even in perfect alignment a total
eclipse may not occur, for instance

when 8 = 0.49° and a = 0.52°.

56. a) Let oy, and ajs be the minimum and

maximum values of « (diameters of

Jupiter), respectively. By the law of

cosines, one obtains

any — cos—! (2(7.406 x 10%)% — (1.39 x 106)2>
2(7.406 x 108)2

or aps ~ 0.11°, and

o — cos—1 (2(8.160 x 108)% — (1.39 x 106)2>

2(8.160 x 10%)2
or o, ~ 0.10°.
b) Let 3 be the diameter of Callisto.
By the law of cosines, one obtains
2(1.884 x 106)2 — (2420)2
5 con1 (21884 10°2 — (2420)
2(1.884 x 106)2
~ 0.07°.

c) No, a total eclipse is not possible since
Callisto is too small.

Let d, and dj be the distance from the bear
and hiker, respectively, to the base of the
tower. Then dj = 150 tan 80° and

dp = 150 tan 75°.

Since the line segments joining the base of the
tower to the bear and hiker form a 45° angle,
by the cosine law the distance, d, between the
bear and the hiker is

d = \Jd2 + & —2(dy)(dy) cos 45°
~ ((850.69)2 + (559.81)%—

2(850.69)(559.81) cos 45°) /2
~ 603 feet.
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7.2 THE LAW OF COSINES

58.

59.

60.

61.

62.

Let t be the number of hours since midnight.
Since the smuggler’s have been riding for ¢
hours and the DEA boat for ¢ — 1 hours, then
(20(t—1))? = (20t)? 4 80% — 2(20t)(80) cos 40°.

Subtracting 400t from both sides, one obtains

—800t + 400 = 6400 — 3200t cos 40°
(3200 cos 40° — 800)t = 6000
. 6000
3200 cos 40° — 800
t =~ 3.63 hours.

The interception occured at 3:38 a.m. since
(0.63)60 ~ 38. The distances covered by the
DEA’s and smuggler’s boats are 20(2.63) miles
and 20(3.63) miles, respectively. To find 6, we
use the sine law. Then

20(2.63) 20(3.63)
sin40° sin 6
263  3.63
sin40°  sinf
0 — sin-! (3.63 sin 40")
2.63
0 =~ 62.5°

By using the cosine law, we obtain

11—
a=+/2r2 —2r2cos(f) = \/47“2726089 =

2rsin(0/2).

If the second largest side were opposite an
obtuse angle, then the triangle would have two
obtuse sides and the angles would add up to
more than 180°.

If o = 90° in a? = b? + ¢? — 2bccos o, then

a? = b + ¢? since cos90° = 0°. Thus the
Pythagorean Theorem is a special case i.e.,
when the angle is 90°) of the law of cosines.

37+ 48 + 86
2
formula, the area of the triangle is suppose
to be 1/85.5(85.5 — 37)(85.5 — 48)(85.5 — 86).
But this area is undefined since the area is a

complex imaginary number. Thus, no triangle
exists with sides 37, 48, and 86.

Note S = = 85.5. By Heron’s

63.

64.

65.

66.

67. Since sinz = *1, we find z = %,

435

31+ 87+ 56
2
formula, the area of the triangle is suppose
to be /87(87 — 31)(87 — 87)(87 — 56).
But this area is zero. Thus, no triangle

exists with sides 31, 87, and 56.

Note S = = 87. By Heron’s

Let a =6, b=9,and ¢ = 13.
Then 4b%c? = 54,756 and
(b% + ¢ — a?)? = 45,796. The area is given

1
_ 2,2 _ (2 2 _ 42)2 —
by4\/4bc (0?24 —a?)? =

1 1
Z\/54, 756 — 45, 796 = Z\/8960 = 44/35.

Using the triangle below,

we find C' = 180° — A — B = 53.3°. Using the
sine law, we obtain

28.6sin 108.1°

© = T nszze 0%
b — 28.§ sin 18.6 ~ 114
sin 53.3°

Draw angle A = 22.5° and let h be the height.

C
12.6

22.5°

A

Then h = 12.6sin22.5° =~ 4.8. Since side a
opposite angle A satisfies h < a < 12.6, there
are two triangles.

3
5 -
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68. Since sin 2z = 0 or cos 2z = 0, we obtain 2z =
kmor 2x = M where k is an integer. Then

v =K orp = CUT 15 ) —0,1,2,3, we find

_m@m3r 5w 3w 7
TTry Ty
69. a) Domain [—1, 1], range [—72, /2]

b) Domain [—1, 1], range [0, 7]

¢) Domain (—o0, 00), range (—n/2,7/2)
70. If 22 = 16, we find B = Z.

A =10, and an equation is

Tt
=10sin( — | .
=105 (2)

Thinking Outside the Box LXII

The amplitude is

Using Heron’s formula, the area of the triangle is

A= /15(6)4)(5).

Let a, 3, and « be the angles included by sides 9
& 10, 9 & 11, and 10 & 11, respectively. By the
cosine law, we find

. (92 +10% — 112>
& = COS e se—

2(9)(10)
(9% + 112 - 107
dres \Tman
(1074112 — 92
T 2(10)(11)

Draw a sector with central angle o and radius 4,
and the area of this sector is

S, = % (4%) ~ 9.847675339.

Similarly, let So and S3 be the areas of the sectors
with central angle 5 and radius 5, and central angle
~ and radius 6, respectively.

Thus, the area that is not sprayed by any of the
three sprinklers is

A — (81 + Sa + S3) = 3.850 meters®.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

7.2 Pop Quiz

1. By the law of cosines, we find

a = /1042 +8.12 — 2(10.4)(8.1) cos 12.3° ~ 3.0

2. By the law of cosines, we obtain

62 + 72 — 122
—1 o
— - | =~ 134.6°.

7T+8+9

3. Note, S = = 12. Using Heron’s

formula, the area of the triangle is

Area = /12(12 - 7)(12 - 8)(12 - 9)
= V720 = 12V/5.

7.2 Linking Concepts

a) From the point (30, 10), the distance to the
top of the screen and the bottom of the screen
are

/(10 — 60)2 + (30 — 0)2 = /3400 = 10v/34

and
/(10 —0)2 + (30 — 0)2 = v/1000 = 10V/10,
respectively.

b) Using the law of cosines, one finds that the
viewing angle « is given by

cog—1 [ 3400+ 1000 — 602
24/3400+/1000
a ~ T7.5°.

c) Note, the coordinates of any seat is of the form
(x,z — 20) for some real number x > 20. The
distances of this seat from the top of the
screen and bottom of the screen are

22+ (x — 80)? and /22 + (x — 20)2,
respectively. By the cosine law, the angle «
is given by

o 22 + (x — 80)% 4+ 22 + (x — 20)2 — 602
2/x? + (z — 80)%2\/22 + (z — 20)2
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or equivalently

cos-! 22 — 50z + 800
Va2 — 80x + 3200vx2 — 20x + 200

and a sketch of its graph is shown.
y

60+

154 28 51.9

d) Since a = 60° when z ~ 15.4,51.9, then the

viewing angle is greater than 60° when
15.4 <z < 51.9.

e) The largest viewing angle « is seen from
the seat with coordinates (28,38).

For Thought

1. True

2. False,if A =(1,0) and B = (0,1) then
A+ B |=[(1,1)] = v2 and
|A|+|B|=2.

3. True
4. True

5. False, rather the parallelogram law says that
the magnitude of A + B is the length of
a diagonal of the parallelogram formed by

A and B .

6. False, the direction angle is formed with the
positive z-axis.

7. True
8. True

9. True, the direction angle of a vector is
unchanged when it is multipied by a
positive scalar.

437

10. True

7.3 Exercises

1.

2
3
4
5
6.
7
8
9

vector

. equal
. magnitude
. sum, resultant

. parallelogram law

direction

. component

. perpendicular, orthogonal

A+ B =575 +44 =44 +57 and
A—B =53 —41 =—-44 +57

100 A+B =5j+(4i+j)=41+67 and

A—B =535 —(41 +j)=—-41%1 +43j

11. A4+B =(i+3j )+(4i+j5)=51+47

and A—B = (i +3j)—(4i + j)=
—3i +2j
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12. A+ B =(i +3j)+(5i +2§)=64i + 23. | vy | = [8000 cos 155.1°| ~ 7256.4,
57 | vy | = |8000sin155.1°| ~ 3368.3
and A—B =(t+35)—(5% +27)=

24. | vy | = |445 cos 211.1°| ~ 381.0,

—41i + 3 .
| vy | = [4455in211.1°| ~ 229.9

25. | vy | =|234cos248°| ~ 87.7,
| vy | = |2345in 248°| &~ 217.0

26. | vy | =(48.3cos349°| &~ 47 4,
| v, | = |48.3 5in 349°| ~ 9.2

27. The magnitude is \/ V3 412 =2,

Since tana = 1/\/5, the direction angle

and 28. The magnitude is \/(—1)? + V3 =2

A—B =(—i+4j)-(4di)=-5i+4j

Since tana = —/3, the direction angle
is a = 120°.
A+B

A-B A 29. The magnitude is \/(—v/2)2 + ﬂQ =2.

Since tan o = —v/2/4/2 = —1, the direction
-B angle is a = 135°.

30. The magnitude is V24 (—v2)2 = 2.
Since tan o = —v/2/y/2 = —1, the direction
angle is o = 315°.
14. A+ B =(—-2¢+3j5)+(4i+ 3)=
29 +4j and A— B = 31. The magnitude is /82 + (—8v/3)2 = 16.
(—2¢ +37)-(4i +j)=-64 +27 Since tana = —8v/3/8 = —/3, the
direction angle is o = 300°.

32. The magnitude is \/(—1/2)2 + (—\/3/2)2 — 1.

Since tan o = __\ig/f = /3, the

direction angle is o = 240°.

33. The magnitude is /52 + 02 = 5.
Since the terminal point is on the

15. D 16. A 17. E 18. F positive x-axis, the direction angle is 0°.

C 34. The magnitude is 1/0% + (—6)% = 6.
Since the terminal point is on the
negative y-axis, the direction angle is 270°.

35. The magnitude is /(—3)2 + 22 = V/13.

19. B 20.

21. | vg | = |4.5¢c0865.2°| = 1.9,
| vy | = [4.5sin65.2°| = 4.1

22. | vg | = [6000 cos 13.1°| ~ 5843.9,
| vy | = [6000sin 13.1°| ~ 1359.9

Since tan~!(—2/3) ~ —33.7°, the
direction angle is 180° — 33.7° = 146.3°.
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36. The magnitude is \/(—4)% + (—
Since tan—1(2/4) ~ 26.6°, the
direction angle is 180° + 26.6° = 206.6°.

37. The magnitude is /3% + (—1)? = v/10.
Since tan~!(—1/3) ~ —18.4°, the
direction angle is 360° — 18.4° = 341.6°.

38. The magnitude is /2% 4+ (—6)% = 2v/10.
Since tan~!(—6/2) ~ —71.6°, the
direction angle is 360° — 71.6° = 288.4°.

8(v/2/2))

2)2 = 24/5.

39. (8cos45°,8sin45°) = (8(v/2/2),
= <4\/§74\/§>

40. (12co0s120°,12sin120°) =

2(-1/2),12(V3/2)) = (-6
200 cos 145°, 290 sin 145°) ~

,6v/3)

(
(1
41. ( (—237.6,166.3)
42. (5.3cos321°,5.35in321°) ~ (4.1, —3.3)

43. (18co0s347°,18sin347°) ~ (17.5, —4.0)
(

44. (3000 cos 209.1°, 3000 sin 209.1°) ~
(~2621.3, —1459.0)
45. (15,-10) 46. (4, —20)
AT, (6, —4) + (12, —18) = (18, —22)
48. (~1,4) 49. (—1,5)+ (12, ~18) = (11, 13)
s0. 2% — 115
51. (3,-2) — (3,—1) = (0,—1)
52. (3,-2) — (~1,5) — (4,~6) = (0, 1)
53. 3)(=1) +(=2)(5) = —13
54. (=1)(4) + (5)(=6) = —34
5. 1f A = (2,1)and B = (3,5), then the angle

between these vectors is given by
1 A - B 1 11
coS <|A|-|B|>:COS (m
56. If A = (2,3)and B = (1,5), then the angle
between these vectors is given by
1 A - B 1 17
coS <|A||B|> = cos (m

> ~ 32.5°

> ~ 22.4°

57.

58.

59.

60.

61.
62.
63.
64.
65.
66.
67.

70.

73.
75.

76.

7.

78.

439

If A =(-1,5)and B = (2,7), then the
angle between these vectors is given by

A - B 33
cos ™! <> = cos™! () ~ 27.3°
|A|-| B| V2653

If A =(—2,-5)and B = (1,—9), then the
angle between these vectors is given by
A - B

43

-1 -1 o
Cos — | = cos — | &~ 28.1
(! Al |B |> <\/29\/82>

Since (—6,5) - (5,6) = 0, angle between them
is 90°.

Since (2,7) -
is 90°.

(7,—2) = 0, angle between them

Perpendicular since their dot product is zero
Parallel since 4(2,3) = (8,12)

Parallel since —2(1,7) = (-2, —14)

Perpendicular since their dot product is zero

Neither

Neither

2i+4 68. i+5j 69. —3i+ 25
V2i—-55 71. —-9j T2 —%i
—74i —jF T4 i+ j

The magnitude of A+ B = (1,4)
is V12 + 42 = /17 and the direction
angle is tan~1(4/1) ~ 76.0°

The magnitude of A — B = (5,—2)

s /5% + (—2)? = v29.
Since tan~!(—2/5) ~ —21.8°, the
direction angle is 360° — 21.8° = 338.2°

The magnitude of —3A = (—9,-3)
s /(=92 + (—=3)2 = v90 = 3/10.

Since tan~1(3/9) ~ 18.4°, the direction
angle is 180° + 18.4° = 198.4°

The magnitude of 5B = (—10, 15)
(—10)2 + (15)% = /325 = 5\/13.

Since tan~!(—15/10) ~ —56.3°, the

direction angle is 180° — 56.3° = 123.7°
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79.

80.

81.

82.

83.

84.

85.

86.

87.

The magnitude of B — A = (—5,2)

is /(—5)2 + 22 = v/29.
Since tan~!(—2/5) ~ —21.8°, the
direction angle is 180° — 21.8° = 158.2°

The magnitude of B+ A = (1,4) is

=/12 + 42 = /17 and the direction
angle is tan~1(4/1) ~ 76.0°

1
Note —A + EB (-3—1,—-1+3/2)

= (—4,1/2). The magnitude is
O+ (122 = V652
1/2
Since tan~* </4> ~ —T7.1°, the

direction angle is 180° — 7.1° = 172.9°

Note ;A — 2B =(3/2+4,1/2—-6)
(11/2,—11/2). The magnitude is
V(I1/2)2 + (—11/2)2 = /242/2 =~ 7.8 .
11/2
11/2
direction angle is 360° — 45° = 315°

Since tan™! ( > = —45°, the

The resultant is (2 + 6,3 4 2) = (8,5).
So the magnitude is v/8% + 52 = /89 and
direction angle is tan~1(5/8) = 32.0°.

The resultant is (444,24 6) = (8, 8).
So the magnitude is v/82 4 82 = /128 = 8\/2

and direction angle is tan=!(8/8) = 45°.

The resultant is (—6 4+ 4,4 + 2) = (-2, 6)
and its magnitude is

\/(—=2)2 + 62 = 2V/10.

Since tan~!(—6/2) ~ —71.6°, the
direction angle is 180° — 71.6° = 108.4°.

The resultant is (=6 + 3,2 + 6) = (—3,8)
and its magnitude is \/(—3)2 + 82 = /73.
Since tan=1(—8/3) ~ —69.4°, the
direction angle is 180° — 69.4° = 110.6°.

The resultant is (—4 + 3,4 — 6) = (—1,—2)
and its magnitude is

V(=1)2 + (=2)2 = /5.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

88.

89.

90.

Since tan=1(2/1) ~ 63.4°, the
direction angle is 180° + 63.4° = 243.4°.

The resultant is (—5+ 6, —4 — 2) = (1, —6)
and its magnitude is /12 + (—6)2 = /37.
Since tan~!(—6/1) ~ —80.5°, the

direction angle is 360° — 80.5° = 279.5°.

Draw two perpendicular vectors whose
magnitudes are 3 and 8.

The magnitude of the resultant force is

V82 + 32 = /73 pounds by the

Pythagorean Theorem. The angles between
the resultant and each force are tan~1(3/8) ~
20.6° and 8 = 90° — 20.6° = 69.4°.

Draw two vectors with magnitudes 12 and 2
that act at an angle of 60° with each other as
shown in the figure.

By the cosine law, the magnitude of the
resultant force, in pounds, is

V122 4 22 — 2(12)(2) cos 120° & 13.11,

By the sine law,

2 B 13.11
sina sin120°
. 2sin 120°
sihao = ————
13.11
sinaa ~ 0.1321

o ~ sin™1(0.1321) 7.6°.
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91.

92.

The angles between the resultant and each
force are 7.6° and g = 180° — 7.6° — 120° =
52.4°.

Draw two vectors with magnitudes 10.3 and
4.2 that act at an angle of 130° with each
other.

10.3

By using the cosine law, the magnitude
of the resultant force is

\/10.32 +4.22 — 2(10.3)(4.2) cos 50° =~
8.253 ~ 8.25 newtons.

By the sine law,

42 8.253
sinae sin50°
sing — 4.2 sin 50°

N 8.253
sinae ~ 0.3898

o ~ sin”1(0.3898) 22.9°.

The angles between the resultant and each
force are 22.9° and § = 180° — 22.9° — 50° =
107.1°.

Draw two vectors with magnitudes 34 and 23
that act at an angle of 100° with each other.

By the cosine law, the magnitude of the
resultant force is

/342 + 232 — 2(34)(23) cos 80° ~ 37.6 newtons.

By the sine law, we find

23 37.6
sin 80°

sin o

93.

94.

441

. 23 sin 80°
sina = ———
37.6
sinae =~ 0.6024
o ~sin~1(0.6024) ~ 37°.

The angles between the resultant and each
force are 37° and 8 = 180° — 37° — 80° = 63°.

Draw two vectors with magnitudes 10 & 12.3
and whose angle between them is 23.4°.

10

By the cosine law, the magnitude

of the other force is

x = /102 + 12.3%2 — 2(10)(12.3) cos 23.4°
~ 5.051 = 5.1 pounds. By the sine law,

10 5.051
sinf  sin23.4°
. 10sin 23.4°
sinf = ——
5.051
sing =~ 0.7863

B~ sin~1(0.7863) 51.8°.

The angle between the two forces is
51.8° 4 23.4° = 75.2°.

Draw two vectors with magnitudes 15 and 9.8
and whose angle between them is 31°.

15

By the cosine law, the magnitude of the
other force is

x = /152 +9.82 — 2(15)(9.8) cos 31° ~ 8.31 ~
8.3 pounds. Once again by the cosine law,

Copyright 2013 Pearson Education, Inc.



442

95.

96.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

0.82 4+ 8.312 — 152
2(9.8)(8.31)
cosf ~ —0.3678

B = cos '(—0.3678) ~ 111.6°.

cosff =

The angle between the resultant and the other
force is f = 111.6°.

Since the angles in a parallelogram must
add up to 360°, the angle formed by the

360° — 2(25°)

two forces is = 155°.

1550,

By the cosine law, the magnitude of the
resultant force is

/552 + 752 — 2(55)(75) cos 155° ~ 127.0 pounds.

So the donkey must pull a force of 127 pounds
in the direction opposite that of the resul-
tant’s.

Draw two perpendicular vectors one with mag-
nitude 5 and the other with magnitude 3.

97.

By the Pythagorean Theorem, Phyllis’ speed
is v3%2 + 52 = 5.83 mph. The direction from
the north is a = tan=1(5/3) ~ 59.0°.

The magnitudes of the horizontal and vertical
components are |520 cos 30°| &~ 450.3 mph and
|520 sin 30°| = 260 mph, respectively.

98. The magnitudes of the horizontal and vertical
components are |30 cos 22°| ~ 27.8 m/sec 2
and |30sin 22°| &~ 11.2 m/sec?, respectively.

99. Draw a vector pointing vertically down with
magnitude 4000.

0% 4000

The magnitude of the component along the
hill of the given vector is 4000 cos 70° ~ 1368.1
pounds and this is the amount of force needed
to prevent the rock from falling.

100. Draw a vector a representing the force
exerted vertically down by the steel ball.

Since 3.2 is the magnitude of the component
of x along the incline, we have

3.2=|x | -cos80° The weight of the ball
is | ¢ | = 3.2/ cos 80° ~ 18.4 pounds.

101. In the diagram, av = 20° and z is the required
force.

3000

We find x = 3000sin 20° ~ 1026.1 1b.
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102. In the figure, a = 25° and z is the weight of
the block.

100

We find z = 100/ sin 25° ~ 236.6 1b.

103. Let 8 be the angle of inclination.

5000
u 1000
1000
Si inf=—— find

ince sin 3 000" we fin
1000

=sin"! —— ~ 11.5°.
=5 5500

104. Let a be the angle of inclination.

4000

500

Since sina = we find

4000’

= o
« Sin

105. Consider the figure below

240

30

443

Since tanf = , we find

240

30
0 =tan ' — ~ 7.1°.
an 510 7

Thus, the bearing of the plane’s course is
about 97.1° (= 90° + 0).

Using the Pythagorean theorem, the ground

speed is
V2402 + 302 ~ 241.9 mph.
106. Consider the vectors with their indicated
magnitudes.
300

80

. 80
Since tanf = 300" we find

80
6 =tan"' — ~ 14.9°.
an 300 9

Thus, the bearing of the plane’s course is
about 255.1° (= 270° — 6).

Using the Pythagorean theorem, the ground
speed is

/3002 + 802 ~ 310.5 mph.

107. Let x be the ground speed in the figure below.

50 15°) 20

Using the cosine law, we find that the ground
speed is
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x = /502 + 202 — 2(50)(20) cos 45° ~ 38.5 mph.

Using the sine law, we obtain

x 20

sin45°  sinf’

Solving for 8, we find
20 sin 45°
0 = sin~! (0““> ~ 21.5°.
x

Thus, the bearing for the course is

45° + 6 ~ 66.5°.

108. Let x be the ground speed.

40

Using the cosine law, the ground speed is

\/ 752 + 402 — 2(75)(40) cos 135°
107.1 mph.

8
I

Using the sine law, we find

T 40

sin135°  sinf’

Solving for 8, we find

40sin 135°
0 = sin~! (Sm ) ~ 15.3°.
X

Thus, the bearing for the course is

315° 4+ 6 =~ 330.3°.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

109. Draw a vector a representing the airplane’s
course and ground speed. There is a 12°
angle in the picture because of the plane’s
102° heading.

Note, 8 = 45°. Since the four angles in a
parallelogram adds up to 360° and
45° + 78° = 123°, we have
360 —2(123°)
B 2
By the cosine law, the ground speed is
| | = /4802 4 582 — 2(480)(58) cos 57°
~ 451.0 mph. By the sine law, we get

= 57°.

58 451
sina sinH7°
. 58 sin 57°
siha = ———
451

sina = 0.107856
a =~ sin"1(0.107856) ~ 6.2°.

The bearing of the airplane is

6.2° + 102° = 108.2°.

110. Draw two vectors representing the wind
and the helicopter.

A

195 ;
70:

Note, the angle of the parallelogram at A
is 55°. Since the four angles in a
parallelogram add up to 360°, we get

360 — 2(55°)

= 125°.
2

g
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By the cosine law, the ground speed is
/1952 + 702 — 2(195)(70) cos 125° ~ 242.0 mph.
By the sine law, we find

0 242
siny  sin125°
. _ 70sin125°
smy = 7242
siny ~ 0.2369
v =~ sin"1(0.2369)
v o~ 13.7°

The bearing of the course of the helicopter is
240° — 13.7° = 226.3°.

111. Draw two vectors representing the canoe and
river current; the magnitudes of these vectors
are 2 and 6, respectively.

2

(6%

Since a = tan~1(6/2) ~ 71.6°, the direction
measured from the north is

270° — 71.6° = 198.4°.

Also, if d is the distance downstream from
a point directly across the river to the point
where she will land, then tana = d/2000.
Since tana = 6/2 = 3, we get

d = 2000 - 3 = 6000 ft.
112. Draw two vectors representing the canoe and

the river current; the magnitudes of these
vectors are 8 and 6, respectively.

445

Since 3 = sin~!(6/8) ~ 48.6°, she must paddle
in the direction 270° +48.6° = 318.6° from the
north direction measured clockwise if she want
to go directly across.

Also, if d is the distance in feet she will paddle
as she crosses the river then cos 48.6° = 2000/d
and d = 2000/ cos 48.6° ~ 3024.3 ft.
Equivalently, d = 3024.3/5280 ~ 0.5728 miles.
So the time it takes to cross the river is

t =0.5728/8 ~ 0.0716 hr or

t =0.0716(60) ~ 4.3 minutes.

113. a) Assume we have a coordinate system

where the origin is the point where the
boat will start.

The intended direction and speed of the
boat that goes 3 mph in still water is
defined by the vector 3sina ¢ +3cosa j
and its actual direction and speed is
determined by the vector

v = (3sina—1)¢ +3cosa j .

The number ¢ of hours it takes the boat
to cross the river is given by

02
~ 3cosa’

the solution to 3tcosa = 0.2.
Suppose 3 > 0 if 3sina — 1 < 0 and
B < 0if 3sinaw — 1 > 0. Using right
triangle trigonometry, we find
|3sina — 1

tan b =
B 3 cos o
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The distance d the boat travels as a
function of § is given by

d = Jtv]

0.2
= | v |

3cosa

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

and the direction is
_1 < 331.60
n

~ 13.5°
1380.76> 35

or E13.5°N.

117. Note, a < 90°. By the sine law, we find

0.2
— o — 1)2 2
3cosa\/(3 sina —1)? 4+ (3cos a)

= 0.2y/tan’3+1

d = 0.2]secp|.

b) Since speed is distance divided by time,
then by using the answer from part a)
the speed s as a function of o and [ is

d
s = -
t
0.2| sec 3]
0.2/(3 cos )

= 3cos(a)|secf].

c) As seen in the previous exercise, the num-
ber ¢ of hours the trip will take as a func-
tion of « is

0.2 1

t= = —seca.
Jcosa 15

The minimum value of ¢ is attained when
sec « is the least, i.e., when a = 0°.

114. Let the forces exerted by the papa, mama,
and baby elephant be represented by the vec-
tors
vp = 800cos30° 2 + 800sin30° 7 ,

Um =5001¢ , and
vp = 200cos20° ¢ — 200sin20° 7 ,
respectively. With a calculator, we find

F = v, + vm + v
1380.76 ¢ + 331.60 7 .

The magnitude of the resultant of the three
forces is

| F | ~ 1/1380.762 + 331.602 ~ 1420 Ibs

19.4sin122.1°
22.6

a ~ 11.2°

sinae =

Then v = 180° — 122.1° — o = 11.2°.

By the sine law, we obtain

22.6sin7y
¢ sin 122.1°
c ~ b2

118. Draw angle o = 22.1° and let h be the height.

B

A

Then h = 144.2sin22.1° =~ 54.3. Since side
a opposite angle A satisfies a = 19.4 < h, no
triangles exists.

119. Apply the cosine law to the given triangle.

4.3

33.2° v

9.4

a® = 4.3 4942 — 2(4.3)(9.4) cos 33.2°

a ~ 6.3

Since v < 3, we find v by the sine law.

4.3 sin 33.2°
a

22.1°

siny =

Q

v
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Then 5 = 180° — 33.2° — v =~ 124.7°. a) Using the above equation, such a triangle with

the smallest perimeter has sides
120. Since cosx = :I:%, we find P

2 4 a=4,b=6,c=5
$:§+2k7r or xz%—i—le
where k is an integer. b) As seen in the above discussion, we have § = 2«
and
121. Since sin3x = :t@, we find = b® — a?

gy ™ 27 4w 5w 7w 8w 10w ‘
3’3737373737 37
Since x lies in (0, 7), we obtain
7w 2w 4w bw 7w 8w

97979797979 and

¢) The next two larger such triangles have sides

122. The period is T_T_q,
B 7

If we solve mx + m = 5 + mm. where m is an .
integer, we find 7.3 Pop Quiz

1. v, =5.6c0833.9° ~ 4.6,
Vy = 5.65in33.9° =~ 3.1
v | =v(-2)% + 62 =40 = 210,
6
0 = 180° — tan—! 5= 108.4°

1
:U:§+(m—1)

Thus, the asymptotes are the vertical lines

N

1
=—+k
T 2+

where k is an integer.

Thinking Outside the Box LXIII 8. v —w =(-1,3)—(2,6) = (=3,-3)

3v =3(—1,3) = (—3,9)

Let 8 = 2a. By the cosine law, we find v w =(-1,3)-(2,6)=—-2+18 =16
a? = b* + ¢ — 2bccosa 4. If 0 is the smallest positive angle, then
and 5 9 o v -w = |v]| w|cosh
b* = a® 4+ ¢ — 2accos 2a.
' ) ‘ v -w = |v]| w|cosh
Since cos2a = 2 cos” a — 1, we obtain 2% = /1740 cosd
b2 42 _ g2 2
B = a4 2ac 2(+C(1 . b= ot (2
2bc V17/40
We may rewrite the above equation as 0 =~ 4.4°.
(a—b—c)(a+b—c)(a+c)a® —b*+ac)
b2e =0. 5. Consider the figure below
Since the sum of any two sides of a triangle must
be larger than the remaining side, we obtain a? — 300
b? + ac = 0 or equivalently o

b? — 60
Cc = .
a
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. _ 60 f
Since tan « 300’ we find

60
—tan ' — ~ 11.3°.
(6] an 300

Thus, the bearing of the plane’s course is
about 101.3° (= 90° + «).

Using the Pythagorean theorem, the ground
speed is

V3002 + 602 ~ 305.9 mph.

7.3 Linking Concepts
a) The angle on the right of vertex B is 90° + «.

B 05 (¢

By applying the sine law, we have

4 05
sin(90° +a)  sing
4 05
cosa  sinf
.y {cosa
6 = sin ( 3 >

Likewise, the length AB (which is the
actual speed) is found to be

AB
sin(90° — o — 3)
AB
cos(a+ f3)

AB

Thus, if o = 12° then

cos
4

COS

4 cos(a + )

COS v

120
B =sin* <C058 ) ~ 7.02°

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

and the actual speed is

_ 4cos(12° +7.02°)

AB =~ ~ 3.87 h.
cos 12° mp

b) Let D be the distance across the river.

0.4

Note, D = and w = 0.4 tan a.

COS «

If @ = 12°, then the time spent on crossing the
river plus the time spent on biking is given by

0.4/ cos n 1—dtana
4cos(a+ 3)/ cosa 6
0.1 1—- 4tana
cos(a+ f3) * 6 -
0.1 1— .4tan12°
cos(19.029) T 6 ~
0.258 hour =

15.5 minutes.

c) As seen in part b), the total time T'(«) spent
for the trip is

0.1 n 1—-04tana
cos(a + () 6

0.1
= -

cos (a + sin~! <CO§a)>

1—-04tana
6

T(a) =

and its graph is given in the next column.
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d) From the graph in part c), the total time 7'(«)

y

319 1

is minimized when
o~ 31.9°.

Correspondingly, we find

o w1
0 = sin ( 1

For Thought

1.

10. False, since

True 2. False, the absolute value is

(=2)Z+ (=5)2 = V29.

. True 4. False, tanf = 3/2.
. False, i = 1(cos90° + isin 90°).

. True 7. True 8. True

T . T n T 3T
. True, since — + — = —.
’ 4 2 4
3(cosm/4 +isinm/4)

3(cosm/2 +isinm/2)

1.5(cos(—m/4) 4+ isin(—m/4)) =
1.5(cosm/4 —isinm/4).

7.4 Exercises

N

. real

. imaginary

. absolute value

. multiplying, adding

Copyright

0.5 cos 31.9°
COS) ~ 6.1°.

. V02 +8 =8

imaginary

ot

8

=]

VTP =3

imaginary

8. \/(=v6)2+02 =6
9. /22 + (—6)2 = V40 = 2¢/10

imaginary

6

10. /(—1)2+(-1)2 =2

imaginary

2013 Pearson Education, Inc.
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11. /(-2 + (2v3)2 = VA + 12 =4

imaginary

* 3

12. \/(—v3)2 + (~1)2 = Vi =2

imaginary

real

13. \/(1/V2)?2 + (—1/v2)? = VIZ+1/2= 1

imaginary

real

-0.5

14. \/(V3/2) + (1/2)? = \/3/A+ 1/d = 1

imaginary

0.5 .

real

15. V32 +32 =18 =32

imaginary

real

16

17.

18.

19.

20.

21.

22.

23.

24.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

(—4)2+ (4?2 = V32 =42

imaginary

Since terminal side of 0° goes through (8,0),
the trigonomeric form is 8 (cos 0° + i sin 0°)

Since terminal side of 180° goes through
(—7,0), the trigonomeric form is
7 (cos 180° + i sin 180°)

Since terminal side of 90° goes through
(0,1/3), the trigonomeric form is
V/3 (cos 90° + 7 sin 90°)

Since terminal side of 270° goes through
(0, —5), the trigonomeric form is
5 (cos 270° + i sin 270°)

Since | — 3 + 3i| = v/(=3)2 + 32 = 3v/2 and if
the terminal side of 6 goes through (—3,3)
then cosf = —3/(3\/5) = —1/\/5. One

can choose § = 135° and the trigonometric
form is 3v/2 (cos 135° 4 i sin 135°).

Since |4 — 4i| = /42 + (—4)2 = 4V/2 and if the
terminal side of 6 goes through (4, —4) then
cosf = 4/(4v/2) = 1/4/2. One can choose

6 = 315°. Trigonometric form is

44/2 (cos 315° + i sin 315°).

Since \/(—3/\/5)2 + (3/v/2)? = 3 and if the
terminal side of € goes through
(—3/v/2,3/+/2) then cos = (—3/1/2)/3 =
—1/4/2. One can choose 6 = 135°. The

trigonometric form is 3 (cos 135° + i sin 135°).

Since \/(v/3/6)2 + (1/6)2 = /4736 = 1/3

and if the terminal side of 6 goes through
V3/6

(v/3/6,1/6) then cosf = /3 =/3/2. One

can choose 8 = 30°. The trigonometric

1 o | i oo
form is 3 (cos 30° + 7sin 30°).
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25.

26.

27.

28.

29.

30.

31.

32.

Since | — V3 +i| = \/(—v3)2 + 12 = 2 and if
the terminal side of § goes through (—v/3,1)
then cos§ = —v/3/2. One can choose

0 = 150°. Trigonometric form is
2 (cos 150° + i sin 150°).

Since | — 2 — 2iV/3] = \/(~2)? + (~2v/3)2 = 4
and if the terminal side of 6 goes through
(—2,—2/3) then cosf = —2/4 = —1/2. One
can choose 6 = 240°. Trigonometric form is
4 (cos 240° + i sin 240°).

Since |3 + 44| = /32 + 42 =5 and if the
terminal side of 6 goes through (3,4)

then cosf = 3/5. One can choose

0 = cos~1(3/5) ~ 53.1°. The trigonometric
form is 5 (cos 53.1° + isin 53.1°).

Since | — 2 +i| = /(—2)2 + 12 = /5 and

if the terminal side of 6 goes through (—2,1)
then cos = —2/+/5. One can choose

0 = cos~!(—2/+/5) ~ 153.4°. Trigonometric
form is v/5 (cos 153.4° + i sin 153.4°).

Since | — 3 + 5i| = v/(—=3)Z + 52 = /34 and
if the terminal side of 8 goes through (—3,5)
then cos# = —3/4/34. One can choose

0 = cos~!(—3/+/34) ~ 121.0°. Trigonometric
form is v/34 (cos 121.0° + i sin 121.0°).

Note | — 2 — 4i| = \/(=2)2 + (—4)2 = V20 =
21/5. If the terminal side of § goes through
(—2,—4) then tanf = (—4)/(—2) = 2. Since
tan—1(2) ~ 63.4°, one can choose

0 = 180° + 63.4° = 243.4°. The trigonometric
form is 21/5 (cos 243.4° + i sin 243.4°).

Note |3 — 6i] = /32 + (—6)% = /45 = 3+/5.
If the terminal side of 6 goes through

(3,—6) then tanf = —6/3 = —2.

Since tan~!(—2) & —63.4°, one can choose

0 = 360° — 63.4° = 296.6°. The trigonometric
form is 31/5 (cos 296.6° + i sin 296.6°).

Note |5—10i| = /52 + (—=10)? = v/125 = 5/5.
If the terminal side of § goes through (5, —10)
then tan = —10/5 = —2. Since tan~!(—2) ~
—63.4°, one can choose # = 360° — 63.4° =
296.6°. The trigonometric form is

5v/5 (cos 296.6° + i sin 296.6°).

33.

451

(i) 1o

34. 6 <\2[ z) = 3v3 + 3i
g5, V3 (V3 1) __ 3 V3
2 2 2 4 4
36. 12(0.95+i-0.31) ~ 11.4 + 3.7i
1
37. 5 (~0.848 — 0.53i) ~ —0.42 — 0.26i
38. 4.3(0.94 + i -0.342) ~ 4.04 + 1.47i
39. 3(0+i)=3i 40. A4(—1+0i)=—
41. /3(0—i) = —iv/3 42. 8.1(-1+0i) = -8.1
1 V3
43. V6 (2 + 2@>
2 "2 T2 T2
V3 1 V3 1
45. 6 (cos450° + isin450°) =
6 (cos90° 4+ isin90°) = 6(0 + i) = 6¢
46. /6 (cos 360° + isin 360°) =
V6(1+i-0)=+6
47. f(c 0s 30° 4 i8in 30°) =
a(213)-
VIS | V6, _3v2 VG,
2 2 2 2
48. 24 (cos 135° + isin 135°) =
(—f + i f) = —12v2 4 12iv2
49. 9 (cos90° 4 isin90°) =
9(0+1) = 9i
50. 5 (cos(m/6) +isin(7/6)) =

V3 1\ 5V3 5
%2“2—2+5
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5

p—

52.

53.

54.

55.

56.

57.

58.

. 2(cos(m/6) + isin(7/6)) =

V3 1 ,
2<2+22> =V3+i

3 (cos(—m) + isin(—m)) =
3(~1+i-0)=-3

0.5 (cos(—47.5°) 4 isin(—47.5°)) ~
0.5(0.6756 — i - 0.7373) =~ 0.34 — 0.37i

9 (cos(—203.7°) + isin(—203.7°)) ~
9(—0.9157 —i-0.4019) ~ —8.24 + 3.62i

Since z1 = 4v/2 (cos 45° + i sin 45°) and
2o = 5v/2 (cos 225° + i sin 225°), we have
2129 = 40 (cos 270° 4 isin 270°) =

40(0 — i) = —40i and

— = 0.8 (cos(—180°) + isin(—180°)) =

0.8(—1+i-0)=—0.8

Since z; = 3v/2 (cos 135° + 4 sin 135°) and
29 = Qﬂ(cos 225° 4 i8in 225°), we have
2129 = 12 (cos 360° + i sin 360°) =
12(1+i-0) = 12 and

? = 1.5 (cos(—90°) + i sin(—90°)) =
150 — i) = —1.5i

Since z; = 2 (cos 30° + ¢sin 30°) and
zg = 4 (cos 60° + 7sin 60°), we have
2122 = 8 (cos 90° + isin 90°) =
8(0+44) = 8i and

21

1
— = —(cos(—30°) + isin(—30°)) =
Z9 2

1(v3 1.\ V3 1,
2\ 2 " 2') T4 4"

1
2\ 2 2

Since z; = 2 (cos 150° + ¢sin 150°) and
29 = 8 (cos 330° + isin 330°), we have
2122 = 16 (cos 480° + 7 sin 480°)
2122 = 16 (cos 120° + i sin 120°)

1 3
16 <—2 + ﬁg) = —8+8iv/3 and
z1 1

— = — (cos(—180°) + isin(—180°%)) =
Z9 4

1 1
Z(=144-0)= —=.
4( +1i-0) 1

59.

60.

61.

62.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

Since z; = 2v/2 (cos 45° + i sin 45°) and
29 = 2 (cos 315° + isin 315°), we have
2129 = 4v/2 (cos 360° + i sin 360°) =
44/2(1+1i-0) = 4/2 and

EL — /2 (cos(—270°) + i sin(—270°)) =

22
V2(0+1i) = V/2i.

Since 21 = v/10 (cos 45° + isin 45°) and
29 = 2¢/3 (cos 225° + isin 225°), we have
2122 = 21/30 (cos 270° + 4 5in 270°) =
24/30 (0 — i) = —2i+/30 and

2 V10

2 23 (cos(—180°) + isin(—180°)) =

V30 : V30

5 (=1+1i-0) = 5
Let o and 3 be angles whose terminal side
goes through (3,4) and (—5, —2), respectively.
Since |3 4 4i| = 5 and | — 5 — 2i| = v/29, we
have cosa = 3/5, sinaw = 4/5,
cos f = —5/4/29, and sin 3 = —2/4/29. From

the sum and difference identities, we find

cos(a+ f3) = —5\;@, sin(a + 3) = —5\2/62—97
23 14
cos(a — 3) = —57\/@, sin(a — ) = —57\/@.

Note z; = 5(cos o + isin «v) and
29 = v/29(cos B + isin 3). Then

2170 = 5V29(cos(a + B) +isin(a + 3))
= 5v29 (—7 - i26>

5v/29 5v29
Z129 = —7— 261
and
21

5 .
P = 75 (cos(a — B) +isin(a — 3))

5 23 . 14
a \/@(_5\/@_15@)

z1 23 14,

> = 29 2

Let o and 3 be angles whose terminal sides
go through (3,—4) and (—1, 3), respectively.
Since |3 — 44| =5 and | — 1 + 3i| = V10,
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cosa = 3/5, sina = —4/5, cos f = —1/+/10,
and sin 8 = 3/4/10. From the sum and
difference identities,

cos(a+ ) = 55%7 sin(a+ ) = 5\1/31—0,
cos(a — ) = —\/3170, sin(a — ) = —\/1170.

Note z; = 5(cos a + isin «v) and

22 = /10(cos 3 + isin ). Then
5v/10 (cos(a + B) + i sin(a + 3))

2129 =
13
- e )
2129 = 9413
and
z1

5 .
5 = 7o (cos(a — ) + isin(a — (3))

= 76 (7w vm)
3
2

1

21 .
— =1
2

22

63. Let o and ( be angles whose terminal sides

goes through (2, —6) and (-3, —2),
respectively. Since |2 — 6i| = 21/10 and | — 3 —
2i| = /13, we have cosa = 1/V/10, sina =
—3/4/10, cos B = —3//13, and

sin 8 = —2/4/13. From the sum and difference

identities,

7
cos(a + ) = — oo sinla+ ) =
3 11
COS(O[ — ,8) = ﬁ’ Sin(a — ﬂ) = 1730

Note z; = 2v/10(cos o + isin ) and
z9 = V/13(cos B + isin 3). Thus,

2v/130 (Cos(a + 3) + isin(a + B))

Z1%2 =
_ Nﬁ( ! )
Vi3 \/ﬁ
2129 = —18+ 144

7.4 TRIGONOMETRIC FORM OF COMPLEX NUMBERS

64.

453

and
% = i\/ﬁ?(cos(a—ﬂ)—i-isin(a—ﬂ))
_ 2\ﬁ< 3 11 )
V13 \Vi30 | VI30
a6, 2
Z9 13 13

Let a and 3 be angles whose terminal side
goes through (1,4) and (—4, —2), respectively.
Since |1 + 4i| = /17 and | — 4 — 2i| = 2/5,
we have cosa = 1/1/17, sina = 4//17,

cos 3 = —2/+/5, and sin f = —1//5.

From the sum and difference identities,

cos(a+ ) = \/28>5’ sin(a + 3) = _\/98>5’
cos(a — f3) = —\/(;»5, sin(a — f3) = _\/’;T’).

Note z; = /17(cos a + i sin ) and
29 = 2v/5(cos 8+ isin B). So

2V/85 (cos(a + B) + isin(a + B))

2129 =
9
- 2 (s i)
sz = A—18i
and
% = ;/\1;; (cos(a — B) +isin(a — f3))
B \/ﬁ(_ 6 .7 )
o 2v5\ V85 VES
a3 T
» 5 10

65. Note 3¢ = 3(cos 90° + isin 90°) and

1+ = +/2(cos45° + isin45°). Then we get

(3i)(1+i) = 3v2(cos135° 4 isin 135°)
= 3\f2<—\[+ {)
(Bi)(1+14) = —3+3i
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66.

67.

68.

69.

70.

71.

72.

and
1:11 = %(cos45°+isin45°)
3 \f V2.
N ﬂ o T
3 3
N1aq = 3.3
(3i)(1 +1) 5 T 5

Let o be an angle whose terminal side goes
through (—3,1). Since | — 3 +i| = V10, we
have cosa = —3/4/10 and sina = 1/+4/10. So

4(=3+41) = 4v/10 (cos(0° 4 ) + isin(0° + a))

4(-3+1i) =

A(-3+1i) =

W0 (-5 i)

—12 4+ 44

and

4 4 ) o
syl T(COS(O —a) +isin(0° — «))

e}

4
-34+¢ 5

o) ()
(5] (3]

2v/3 (cos (20°) + i sin (20°))

9 (cos (—14°) + isin (—14°))

3(cos™ +isin™)] [3 (cos™ — isin ™
COS6 ZSlIl6 COS6 ZSlH6

<+ sin® g) —9(1)=9

(o7 v ism )| o (o7 —ron )
COS7 zsm7 COS7 ZSIH7

=25 (cos2 % + sin? 7;) =25(1) =25

=9 cos?

73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

[2(cos 7° +isin 7°)] [2(cos 7° — i 8in 7°)]
=4(cos? 7° +sin? 7°) = 4(1) = 4

[6(cos5° + isin5°)] [6(cos 5° — isin5°)]

= 36(cos? 5° +sin? 5°) = 36(1) = 36

Since 4 + 4i = 4v/2 (cos 45° + i sin 45°),
(4+44i)% = (4v/2)? (cos(2 - 45°) + isin(2 - 45°))
32 (cos90° 4 isin 90°) =

32(0+i-1) = 32i.

Since —3 + 3i = 3v/2 (cos 135° + i sin 135°),
we obtain (—3 + 3i)? =

(3v/2)2 (cos(2 - 135°) + isin(2 - 135°)) =

18 (cos 270° + isin 270°) =

18(04i-(—1)) = —18i.

Since 3 + 3i = 3v/2 (cos 45° + i sin 45°),
(343i)3 = (3v/2)3 (cos(3 - 45°) + isin(3 - 45°))
541/2 (cos 135° + i sin 135°) =

54+/2 (

f \[) = —54 + H4s.

Since v/3 + i = 2 (cos 30° + i sin 30°),
(V3 +i)* = (2)* (cos(4 - 30°) + isin(4 - 30°))
16 (cos 120° + 4 5in 120°) =

1
16 (—2 i ff) — _8+8iV3.

zZ =r(cosf +isinf) =

r(cos — isin @) = r(cos(—0) + i sin(—6))

By Exercise 79, one derives

2Z = [r(cos @ + isin )] [r(cos(—0) + isin(—0))]

72 [cos(f — 0) +isin(f — 0)] = r2(1 +i0) =

The reciprocal of z is 1 = cost + z.sn.a() =
z  r[cosf + isinb)]

r~1cos(0 — 0) + isin(0 — 0)] =

7! [cos § — isin 0] provided r # 0.

22 = 1% (cos 20 + isin 20) and

1
2 (cos 20 — isin 26)
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83. The first sum is By the sine law,
6 (cos9° 4 isin9°) + 3 (cos 5° + isin5°) = 7 sin
6 cos9° + 3 cos 5° + ¢ (6sin 9° + 3sin 5°). sin 3 , 7
Also, (1+3i) + (5 7i) = 6 — 4i. It is easier L
to add complex numbers in standard form. g = sin! < 0 7)
84. Using the trigonometric form, we obtain B~ 40.5°
6 (cos9° +isin9°) Finally, o = 180° — v — § = 27.7°.
6 3 (cos5° +14sin5°) 88. The area is
= (cos(9° —5%) +isin(9° — 5°)) = 1
3 A = =bcsina
2(cos4° + isin4°). 2
1 . o
While using the standard form, we have = 5(5'7)(12-2) sin 10.6
L+3i (14 34)(5+7i) ~ 6.4 ft2
5—-7i  (5—"Ti)(5+Ti)
_ —16 + 22 89. If z is the height of the building, then
25+49
16422 x = 230tan 48° ~ 255.4 ft
B 74
-8 11 90 1—sin2xcsczx+sin2m_1—1+sin2x_
= 37 Tt ’ cos? x B cos? x B
o . . sin” 2
It is easier to divide complex numbers in 5 = tan®x
. . cos? x
trigonometric form.
85. —2(3) +6(5) =24 Thinking Outside the Box LXIV
86. Let V1 = <—3,5> and Vo = <1,6> Then V1V = Note, CT =CA =5and CS = CB = 6. Then
27, ni] = V34 and || = V37, If a is the AABC is congruent to ATSC. We use Heron’s
angle between vy and vy, then formula. and let
vi vy = |vg]|ve|cosa 5_5+6+7_9
cos™ ! ( 27 ) - 2 7
a = —_—
Vv 34v 37 The area of ATSC is
a ~ 40.4°

Area = 1/9(9 —5)(9 — 6)(9 — 7) = 6v/6.

87. The largest angle is v and is opposite the

longest side. By the cosine law, 74 P op Quiz
102 = 72 + 52 _ 2(7)(5) COS 7y 1. |3 - Z‘ _ /32 ¥ (_1) _ /10
100 = 74 —T70cos~y
1( 26> 2. Since |5 + 5i| = v/52 + 52 = 5v/2 and
v = cos —— 5
. 0 tan~! () = /4, we obtain
N ox~ 111.8 5
The remaining angles are less than 90°. 5+ 5i = 5V2(cos /4 + isin/4).
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3. 23 <—‘£§+ ;) =-3+iV/3

4. The product zw is equal to

3v2 - f[cos(m 12)+zsm(17;+17;)]

or equivalently to

V3

1
6 {cosg +isin g] -6 [2 + 21'] — 3v/3+43i.

5. The product is

(V2 (cos T isin§)] [ V2 (cos 45 )|

or equivalently to

V2V2 [cos (Z - Z) + isin <Z — Z)]

and to
2]cos0 +isin0] = 2.

For Thought

1. False, (2 + 3i)% = 4 + 127 + 942
2. False, 23 = 8(cos 360° + 4 sin 360°) = 8.

3. True 4. False, the argument is 46.

1 112 g
5. False, since {2 +1- 2} = % and

1 3
cos2m/3 +isinm/3 = —3 +i- \Zf
6. False, since cos5m/6 = cos 7m/6 and

5m/6 # 7w /6 4+ 2kx for any integer k.
It is possible that o = 2km — 3.

7. True 8. True
9. True, x = ¢ is a solution not on y = +=x.
10. False, it has four imaginary solutions.
7.5 Exercises
1. 33(cos90° + isin90°) = 27(0 + i) = 27i
V2 V2

2. 25(cos225° + isin 225°) = 32 (— — >

2
= —16V2 — 16i/2

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

[9Y]

. (v/2)*(cos 480° + isin 480°) =
4(cos 120° + isin 120°) =

4(—}%?) = 2+2iV3

4. (/3)3(cos 450° + i sin 450°) =
3v/3(cos 90° + i sin 90°) =
3v3(0+1i) = 3iV3

5. cos(8m/12) + isin(87/12) =

cos(2m/3) + isin(27/3) = —% + \égz

6. cos(97/6) + isin(97/6) =
cos(3m/2) +isin(37/2) =0—i = —1i

7. (V/6)* [cos(87/3) + isin(87/3)] =
36 [cos(2m/3) + isin(2m/3)] =

1

3
36 | —= —I—i\[] = —18 4+ 18iv/3

2 2

8. (v/18)3 [cos(5m/2) + isin(57/2)] =
18V/18[0 + 4] = 54iv/2

9. 4.3%[cos61.5° + isin 61.5°] ~
1470.1[0.4772 + 0.8788] ~ 701.5 + 1291.9i

10. 4.95[cos 224.4° + i sin 224.4°]
13841.3 [—0.71447 — 0.69966]
—9889.2 — 9684.2i

~

~
~
~

3
11. (2\/§[COS45O +z’sin45°]) =
16+/2 [cos 135° + i sin 135°] =
11
16v/2 { } —16 + 16i
\/’ f

3
12. (\/i [cos 315° + i sin 315°]> =
2/2 [cos 945° + i sin 945°]
2v/2 [cos225° +isin225°]

1
2v/2 { ] —2—2i
'V

13. (2[cos(—30°) + isin(—30°)])* =
16 [cos(—120°) + isin(—120°)] =

16 l—l — zﬁ] =—-8—28iV3

2 2

14. (4[cos120° +isin120°))* =
256 [cos 480° + i sin 480°] =
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15.

16.

256 [cos 120° + i sin 120°] =

1 3
KN

256
2

= —128 + 128iv/3

(6 [cos 240° + isin 240°])° =
7776 [cos 1200° + i sin 1200°] =
7776 [cos 120° 4 isin 120°] =

1 3
7776 [—2 + 1‘2[ — 3888 + 3888i\/3

(4 [cos(—30°) + i sin(—30°)))° =
1024 [cos(—150°) + i sin(—150°)] =

V3

1
1024 [— — z‘| = —512v/3 — 512i

2 2

17. Note |2 + 3i| = v/13. If the terminal side of

18.

19.

« goes through (2, 3) then cosa = 2//13 and
sina = 3/4/13. By using the double-angle
identities one can successively obtain

cos2a = —5/13, sin 2« = 12/13,

cosda = —119/169, sin4a = —120/169.

So (2 + 3i)* = (\/ﬁ [cosav + 1 sina])4 =
169(cos 4o + isinda) =

169 (—119/169 — 120i/169) = —119 — 1204

Note |4 —i| = v/17. If the terminal side of
goes through (4, —1) then cosa = 4/4/17 and
sina = —1/4/17. By using the double-angle
identities one can successively obtain

cos2a = 15/17, sin2a = —8/17,

cos4a = 161/289, sin4a = —240/289.

By the sum identities one gets

404
cosba = cos(4da + o) = and
( ) 28917
1121
sinba = sin(4a + o) = — .
( ) 28917
5
So (4 —1)° = (\/17 [cos o + i sin a]) =
289+/17(cos ba + isin ba) =
404 1121
28917 —7- =
(289\/17 289\/17)

404 — 1121s.

Note |2 — 4| = /5. If the terminal side of «
goes through (2, —1) then cosa = 2/1/5 and
sina = —1/4/5. By using the double-angle
identities one can successively obtain

457

cos2a = 3/5, sin 2a = —4/5,
cosda = —7/25, sinda = —24/25.

4
So (2 — 4i)* = (x/g[cosa + isina]) =
25(cosda + isinda) =
25 (—7/25 — 24i/25) = —7 — 24i.

20. Note | — 1 —2i| = /5. If the terminal side of a

goes through (—1,—2) then cosa = —1/v/5
and sin @ = —2/+/5. By using the double-angle
identities one can successively obtain

cos2a = —3/5, sin2a = 4/5,

cosda = —7/25, sinda = —24/25.

By the sum identities one gets

cos 6av = cos(4a + 2a) = 117/125 and

sin 6a = sin(4a + 2a) = 44/125.

6
So (=1 —24)% = (\/g[cosa +isina]) =
125(cos 6 + i sin 6a) =
125 (117/125 + 443/125) = 117 + 44i.

21. Let w = 1.2 + 3.6¢|. If the terminal side of «

goes through (1.2,3.6) then cosa = 1.2/w and
sina = 3.6/w. By using the double-angle
identities one can obtain

cos 2a = —11.52/w? and sin 2a = 8.64/w?.

By the sum identities one gets

cos 3a = cos(2a + o) = —44.928 /w3 and

sin 3a = sin(2a + a) = —31.104 /w3,

So (1.2 4 3.6i)% = (wcosa + isina])® =

w3(cos 3o + i sin 3ar) =
w? (—44.928 /w3 — 31.104i /w3) =
—44.928 — 31.104i.

22. Let w = | — 2.3 — i|. If the terminal side of «

goes through (—2.3,—1) then cosa = —2.3/w
and sina = —1/w. By using the double-angle
identities one can obtain

cos 2a = 4.29/w? and sin 2a = 4.6 /w?.

By the sum identities one gets

cos 3a = cos(2a + a) = —5.267/w? and

sin 3a = sin(2a + o) = —14.87/w3.

So (—2.3 —i)? = (w(cosa +isina])® =
w3(cos 3o + i sin 3ar) =

w3 (—5.267/w? — 14.87i/w?) =

—5.267 — 14.874.

23. The square roots are given by
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9 {cos (900 +2k53600> +isin (900 + l{:360°>} 29. Cube roots of 1 are given by
2 [cos(45° + k - 180°) + i sin(45° 4 k - 180°)] = cos (k%oo) 4isin <’f3600) ,
When k = 0,1 one gets 3 3
2 (cos45° 4 isin45°) and If £k =0,1,2 one obtains
2 (cos 225° 4 isin 225°). cos 0° +isin(0° =1,
: . 1, V3
24. Cube roots are given by cos 120° 4 ¢sin 120° = 5 + i and
{ (30O + k‘360°> . (30O + k‘360°>}
2|cos| ——— | +isin
3 240° + 4 sin 240° 1_,v3
cos isin =—— —i—.
2[cos(10° + k - 120°) + ¢sin(10° + k - 120°)] = 2 2
When k= O, 1, 2 one gets imaginary
2 (cos a + i sin o) where o = 10°,130°, 250°.
25. Fourth roots are given by
(120O + k360°) . (1200 + k360°>
os(| —— | +isin | ——— | =
4 4
cos(30° + k- 90°) 4 isin(30° + k - 90°) =
When k£ =0,1,2,3 one gets cosa + isin
where a = 30°,120°, 210°, 300°. 30. Cube roots of 8 are given by
26. Fifth roots are given by 5 k360° .. ([ k360°
300° + k360° .. [300° + k360° [COS ( ) + isin ( )} .
2 |cos — 5 + 7sin —
. If K =0,1,2 one obtains
= 2[cos(60° + k - 72°) + i sin(60° + k - 72°)). 2fc0s0° + sinn()O] ey
When k£ =0,1,2,3,4 one gets 2 [cos 120° + i sin 120°] = —1 + i/3, and

2 (cos & + i sin @) 2 [cos 240° + isin 240°] = —1 — i+/3.

imaginary
where a = 60°,132°,204°,276°, 348°. ,

27. Sixth roots are given by

7+ 2km . (T +2kT
2{cos| ——— ) +isin . ‘ oreal
6 6 1 2

When k£ =0,1,2,3,4,5 one gets

2 (cosa +isina)

™ m br Tw 3w 11w

T6'2°6°6°2 6 31. Fourth roots of 16 are given by
28. Fourth roots are given by
k360° .. [ k360°
3m/2 + 2km .. (3m/242k7 2 |cos + isin .
2|cos| —— | +isin | — 4 4
4 4
_9 3w+ 4km .. (3m+4dkm If £ =0,1,2,3 one obtains
U +isin AR 2[cos0° + sin0°] = 2,
When k = 0,1,2,3 one gets 2 (cos a + isin ) 2 [cos 90° + zsm 90°] = 21,
30 7Tr 1lr 157 2 [cos 180° 4 isin 180°] = —2, and
where oo = —, —, —, 2 [cos 270° + i sin 270°] = —2i.

887 8 ' 8"
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aanaty 34. Fourth roots of —16 are given by
e [ (180° + k360°> . (180O + k360°)]
2|cos| ———— | +tsin | ————
4 4
. s rea = 2[cos (45° + k90°) + ¢ sin (45° 4+ £90°)] .
If £k =0,1,2,3 one obtains
29 2 [cos 45° + i sin 45°] = /2 + iv/2,
2 [cos 135° 4 i sin 135°] = —/2 4 /2,
32. Fourth roots of 1 are given by 2[cos 225° 4 isin 225°] = —v/2 — iv/2 and
k360° o £360° 2 [COS 315° +1 sin 3150] = \/i - Z\/§
COS 1 + 2s1n 1 . imaginary
If K =0,1,2,3 one obtains 5]
cos0° 4+ ¢sin0° =1, . .
€08 90° + isin 90° = 1,
cos 180° + isin 180° = —1, and 2 5 e
€08 270° + ¢sin 270° = —i.
imaginary * 2] *
1e
35. The cube roots of ¢ are given by
. .~ real (90O + k360°> . (90c> + k360°)
3 1 cos| ——— | +isin | ——
3 3
-18 = cos (30° 4+ £120°) + i sin (30° 4+ £120°) .
If K =0,1,2 one obtains
. — i 3 1
33. Fourth roots of —1 are given by 08 30° 4 7 5in 30° — £ +is
<180O + k:360°> . (180O + k‘360°> 2 2
os| ———— | +isin [ ——— V3 o1
4 4 cos 150° + i sin 150° = === + i, and
= COS (450 + kQOO) + 7sin (450 + k900) . cos 270° + isin 270° = —i.
If k=0,1,2,3 one obtains imaginary
2 2
cos 45° + i8in45° = \Qf—i-i\z[, 14
. 0.5 .
2 2
cos 135° 4+ ¢sin 135° = —\2f+i\2[, . ——real
2 2
c0os 225° 4 isin 225° = —\g — i\g, and 1
cos 315° + isin 315° = o iy 36. Cube roots of —8i are given by
maginary [ (—90O + /<;360°> . (—90O + k360°)]
2|cos| —————— | +isin | —————
3 3
l,
. . = 2 [cos (—30° + £120°) + isin (—30° + £120°)]
: ——rea If £ =0,1,2 one obtains
2 [cos(—30°) + isin(—30°)] = v/3 — 1,
Al 2[c0s90° 4 isin 90°] = 24, and
2[cos 210° 4 4 sin 210°] = —v/3 — i.
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37.

38.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

imaginary

2e

real

Since | — 2 + 21\/5\ = 4, the square roots are
given by

{ (120O + k:360°> .. (120O + k:360°)]
2|cos| ———— | +isin | ————

2 2

= 2[cos (60° + k180°) + ¢sin (60° + £180°)] .
If Kk = 0,1 one obtains
2 [cos 60° + isin 60°] = 1+ 4+/3, and
2 [cos 240° + i sin 240°] = —1 — /3.

imaginary

2,,

real

Square roots are given by

{ (2700 + I<:360°> . (270° +k360°)]
2|cos| ———— ) +isin | ———

2 2

= 2]cos (135° + k180°) + isin (135° 4 £180°)] .
If £k = 0,1 one obtains
2 [cos 135° + isin 135°] = —v/2 +4+/2, and
2 [cos 315° + i sin 315°] = /2 — iv/2.

imaginary

2,,

real

39.

40.

41.

Note |1 + 2i| = /5. Since tan~! 2 &~ 63.4° and

63.4° + k360°
2

the square roots are given by

V/5 [cos (31.7° + k180°) + i sin (31.7° + k180°)] .

If £k = 0,1 one obtains

V/5 [cos 31.7° +isin 31.7°] ~ 1.272 + 0.786i,

and

V/5 [cos 211.7° + isin 211.7°] ~ —1.272—0.786i.

imaginary

= 31.7° + k180°

Since tan~!(—3) ~ —71.57°, an argument
of —1+ 3¢ is 180° — 71.57° = 108.43°.
Note | — 1 + 3i| = v/10. Choose k =0,1,2 in

108.43° + k360°
3

to obtain the cube roots v/10(cos a + i sin &)
where o = 36.14°,156.14°, 276.14°.

These roots, respectively, are approximately
1.185 + 0.866%, —1.342 + 0.5944, and

0.157 — 1.459;.
imaginary

~ 36.14° + £120°

Solutions are the cube roots of —1. Namely,
(180O + k‘3600> . (180O + k360°>
os | ———— | +isin | —————
3 3
= cos (60° + £120°) + ¢ sin (60° + £120°) .
If K =0,1,2 one obtains

1
c0s 60° + i sin 60° = 3 —i—i\ég,
cos 180° 4 ¢sin 180° = —1, and
1 V3

cos 300° + 2sin 300° = 5 —17.
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42.

43.

44.

45.

Solutions are the cube roots of —125. Namely,
{ (180O + k360°) . (180O + k360°>}
5|cos | ———— | +isin | ———————
3 3
= 5 [cos (60° + £120°) + i sin (60° + £120°)].
If K =0,1,2 one obtains

) 5V3
5 [cos 60° +isin 60°] = 7 + 1\2[
5 [cos 180° + isin 180°] = —5, and
5) 9V 3
5 [cos 300° + isin300°] =  — i *2[

Solutions are the fourth roots of 81. Namely,

k360° .. [ k360°
3{cos< 1 >+zs1n( 1 ﬂ
= 3 [cos (k90°) + isin (k90°)] .
If K =0,1,2,3 one obtains
cos 0° + i sin 0°] = 3,
cos 90° + i sin 90°] = 3,
cos 180° + ¢ sin 180°] = —3 and
€os270° 4 7sin 270°] = —3i.

3
3
3
3

Solutions are the fourth roots of —81.

180° + k360° . 180° 4+ £360°
3 |cos I — + ¢sin B E—

= 3 [cos (45° + k90°) + i sin (45° + £90°)] .

If k=0,1,2,3 one obtains

3v2 | 3V2

- +Z77
2 2

3v2 | 3V2

- +ZT7

3 3
3 [cos 225° + i sin 225°] = —i - z—f and

2
3[ 3\/

2

3 [cos45° 4 isin45°] =

3[cos 135° 4 isin 135°] = —

3 [cos 315° 4 isin 315°] =

Solutions are the square roots of —2i.
—90° + £360°
2

= —45°,135°. These roots are
\/§[cos —45°) + isin(—45°)] =1 — 7 and
V2 [cos 135° + isin 135°] = —1 + i.

Ifk=0,1ina= then

46.

47.

48.

461

Since —3/i = 3i, the solutions are the
square roots of 3i. Namely,

o k o o k o
V3 l:COS (90 +2 360 ) 4 isin (90 +2 360 )}

= v/3[cos (45° 4 k180°) + i sin (45° + k180°)]
If K = 0,1 one obtains

6 6
V3 [cos45° + isin45°] = \2[ + i\g, and
6 6
V/3 [cos 225° 4 i sin 225°] = —‘2[ - z‘g

Solutions of (2% — 64) = 0 are x = 0 and the
sixth roots of 64. The sixth roots are given by

2 [cos (k3600> +isin <k360°)]
6 6

= 2[cos (k60°) + isin (k60°)].

If £=0,1,2,3,4,5 one obtains

2]cos0° +isin0°] = 2,

2 [cos 60° + isin 60°] = 1 + /3,

2 [cos 120° + i sin 120°] = —1 + /3,

2 [cos 180° + i sin 180°] =

2 [c0s 240° 4 isin 240°] = —1 —4v/3, and

2] I =

cos 300° + isin 300°] = 1 — iv/3.

Since z(z8 — 1) = 0, the solutions are x = 0
and the 8th roots of 1. The 8th roots are
given by

cos (k360° ) +isin (k360° >
8 8

= cos (k45°) + isin (k45°).

If k=0,1,...,8 one obtains
cos0° +2sin0° =1,
cos 45° + i sin 45° = f \Qf
c0s 90° + isin 90° = 1,

2 2
cos 135° 4+ isin 135° = —\2[ + i\g,
cos 180° 4 ¢sin 180° = —1,

2 2
Cos 225° + i sin 225° = —\2[ - z\g
cos 270° 4 ¢sin 270° = —4, and

2 2

cos 315° + i sin 315° = \Qf - 1‘2[
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49.

50.

51.

52.

53.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

Factoring, we obtain
23(2? +5) +8(2® +5) = (2% +5)(2® +8) = 0.

Then 22 = —5 and 23 = —8. Note, the
square roots of —5 are = 4iy/5. The cube
roots of —8 are —2, 2(cos 300°+i sin 300°), and
2(cos60° + isin60°). Thus, the solutions are
+iv/5, —2, and 1 4 iv/3.

Factoring, we obtain
(22 4+1)=27(22 +1) = (22 4+1)(z* —27) = 0.

Then 22 = —1 and 23 = 27. Note, the square
roots of —1 are x = 4. The cube roots of 27
are 3, 3(cos 120° +sin 120°), and 3(cos 240° 4+
isin 240°). Thus, the solutions are +i, 3, and
-3+ 3iV3

—s

Solutions are the fifth roots of 2. Namely,

e () (2)
= V/2[cos (k72°) + isin (k72°)].

Solutions are = = v/2 [cos a 4 i sin o]
where oo = 0°,72°,144°,216°, 288°.

Solutions are the fifth roots of —3. Namely,

; 180° + k360° 180° + k360°
/3 cos (LI ) i (S

5 5
= /3 [cos (36° + k72°) + isin (36° + k72°)].

Solutions are x = v/3 [cos & + i sin a]
where o = 36°,108°,180°,252°,324°.

Solutions are the fourth roots of —3 + i.
Since | — 3 +i| = /10, an argument of
—3+1i is cos™1(—3/v/10) ~ 161.6°.
Arguments of the fourth roots are given by

161.6° + k£360°
4

By choosing £ = 0,1, 2,3 , the
solutions are z = v/10 [cos a + i sin o
where o = 40.4°,130.4°, 220.4°, 310.4°.

= 40.4° + k90°.

Copyright

54.

55.

56.

, o i
Note 23 = ,+Z-—Z,:2z'+1.

1 —1

Solutions are the cube roots of 1 + 23.
Since |1 + 2i| = v/5, an argument of
1+ 2i is cos™1(1/V/5) = 63.4°.
Arguments of the cube roots are

63.4° + £360°
3
By choosing £k =0,1,2 ,
the solutions 2 = /5 [cos a + i sin o
where o = 21.1°,141.1°, 261.1°.

~ 21.1° + k£120°.

[cosm/3 +isinm/6]® =

3
[1/2 +i(1/2)] = [;(1 —|—i)] -

é [\/5 (cos 45° 4 isin 450)}3 =
é [2V/2 (cos 135° + isin 135%)| =
V2 (_ﬂ ﬂz> _

4 5 T3

1 1,
1 ?

Factor as a difference of two squares.
Then factor as a sum and/or difference
of two cubes.

(3 -1 +1) =
(1)@ +z+D+1)(a?—z+1) =

Two solutions are x = £1. Using the quadratic
formula on the 2nd degree factors, we obtain

14 /12 41)()
= 9 or

T
14 (=127 =400
T = .
2
Simplifying, we get
—1£+v-3 14++/-3
r=———— o x=—"—
2 2
~1+iV3 1+iV3
r=—— or I= .
2 2
1 1
Solutions are x = £1, —— + éi, -+ éz
2 2 2 2
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57. By the quadratic formula, we get

58.

—(=1+4) £/ (—1+4)2 —4(1)(—9)

ro= 2
1—i+x/[1—20—1)+4
xr =
2
1—i+vV2
X = —_——.
2

Note the square roots of 2¢ are given by
V2(cos 45° 4 isin45°) = 1 44 and

V/2(cos 225° + isin 225°) = —1 — .

These two roots differ by a minus sign. So

1—i+(1+1)
r = —M——————=
2
1—24+1+42 1—2—-1—1
r=——— o r=———0o—
2 2
r=1 or z=—i.

Solutions are z = 1, —1.

By the quadratic formula, the solutions are

_ (=130 £ V(=1 - 30)? — 4(1) (=2 + 20)
2

1+3i+/(1+6i—9)+8—23i
2

1+ 3i+ /=2

—

Note, the square roots of —2¢ are given by
V2(cos 135° + isin 135°) = —1 44
and
V2(cos 315° 4 isin 315°) = 1 — i.

These two roots differ by a minus sign. Thus,

1+3t—1+1 1+3t+1—12
I =———— o Ir=————
2 2
43 2+ 2
r=— or = .
2 2

The solutions are x = 24,1 + 3.

61. V32 +52 =34

463

62. The magnitude is /42 + (—4)2 = 41/2. Since

63.

64.

65.

66.

arctan(—4/4) = —45°, an argument is 315°.
The trigonometric form is

4V/2 (cos 315° + i sin 315°) .

Since % + g = g = 90°, the product is
6 (cos90° 4+ isin 90°) = 61.
In the diagram, o = 20° and x is the required

force.

600

Using right triangle trigonometry, we find
x = 600sin 20° ~ 205.2 1b.

The magnitude is

\/(=3)2 + (—9)2 = V90 = 3V10.
Note, o = arctan :—g ~ T71.6°. Since the
vector lies in the 3rd quadrant, the direction

angle is
a + 180° ~ 251.6°.

The largest angle is + and is opposite the
longest side. By the cosine law,

122 = 92452 —2(9)(5) cosy
144 = 106 — 90 cos~y
L/ 38
v = cos (—90>
~v =~ 115.0°

The remaining angles are less than 90°.

By the sine law,

. 9siny
sing = 12
. _1(9sinvy
_ 1
8 = sin < D )
3 ~ 42.8°

Finally, « = 180° — v — g = 22.2°.
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Thinking Outside the Box LXV For Thought

In the figure below, we have AB =1, AC' = x, and 1. True 2. False, the distance is |r|.
BC = +/1—22. Let y be the length of the statue. False

3
4. False, z = rcosf, y = rsinf, and 22 + y? = r2.

5. True, since z = —4 cos 225° = 2v/2 and
B g y = —4sin 225° = 2/2.

c 6. True, § = w/4 is a straight line through the
origin which makes an angle of 7/4 with the
positive z-axis.

By the Pythagorean Theorem, we get 7. True, since each circle is centered at the origin

(4-— x)2 +(3- m)Q — 2 with radius 5.
8. False, since upon substitution one gets

Using the area of the rectangle, we find cos 27 /3 = —1/2 while r2 = 1/2.

/1 _ 2 _ 12
12=av1-a?+y+(4-2)3 1—2%). 9. False, r = 1/sin6 is the vertical line y = 1.
The solutions of the system of two equations are 10. False, since (r,6) = (1,1) lies on the graph

2~ 0.5262 ft, y ~ 4.0851 ft r = 6, but not on the graph of r = —6.

The length of the statue is y =~ 4.0851 ft. 7.6 Exercises
. 1. pol
7.5 Pop Quiz pbotat
2. pole

1. Since 1 +i = /2 (cos45° + i sin 45°), we obtain
3. (3,7/2) 4. (2,0)

5. Since r = v/32 + 32 = 3v/2 and
0 =tan~'(3/3) = /4, (r,0) = (3v/2,7/4).

8
(V2 (cos 45° + isin45°) | =
24 (cos 360° + 7 sin 360°) = 16

2. The fourth roots of —16 are .
6. Since r = /(—2)2 + 22 = 24/2 and
180° 4+ £360° .. [ 180° + k360° (=2) V2
2|lcos| ———— )| +isin| ———— 1 2 1 1 3
4 4 6 = cos ——— | =cos —— )= —,
2v/2 V2 4

= 2]cos (45° + k90°) + i sin (45° + k90°)] .

If k = 0,1,2,3 one obtains we have (r,6) = (2v/2,37/4).

2 [cos45° + isin45°] = V2 + v/2i = V2(1 + 1), 7. (2,0°)

2 [cos 135° + isin 135°] = —v/2 + /2i = |
V2(—141), 2

2 [cos 225° + i 5in 225°] = —/2 — /2i =

\/5(—1 — 1), and . «
2[cos 315° +isin315°] = /2 — /2i =

V2(1 —).
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8. (—3,0°) 13. (—2,27/3)

14. (—1,7/6)

9. (0,35°) l
1 ‘ i
-1
: X 15. (2, —/4)
10. (0,90°) 2 ‘ 2
2

17. (3,-225°)

18. (2,—180°)
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

(—2,45°)
(—3,30°)
(4,390°)
(3,137/6)
(z,y) = (4-cos(0°),4 - sin(0°)) = (4,0)
(z,y) = (=5 - cos(0°), =5 - sin(0°)) = (—5,0)
(z,y) = (0 cos(m/4),0-sin(w/4)) = (0,0)
(x,y) = (0-cos(—m),0-sin(—m)) = (0,0)
(z,y) = (1-cos(mw/6),1-sin(7/6)) =

V3 1

272
(z,y) = (2cos(n/4),2sin(mw/4)) = (ﬂ, \/ﬁ)
(z,y) = (=3 cos(3m/2), —3sin(37/2)) = (0, 3)

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

31.

32.

33.

34.

35.

36.

37.

38.

39.

41.

—2cos(2m), —2sin(27)) = (—2,0)

2(308135o V/2sin 135 )

V3 cos 150°, V3 sin 1500)

(z,y) = (—\f COS(_45O)7—\fsin(—45°)> _

&

Since r = 1/(v/3)2 + 32 = 2¢/3 and
T V3 1
cos = — = —— = —, one can choose
ro 2v3 2
0 = 60°. So (r,0) = (2¢/3,60°).
Since r = v/42 + 42 = 44/2 and
tanf = r_Z_ 1, one can choose
y 4
0 = 45°. So (r,0) = (4v/2,45°).
Since 7 = /(—2)2 + 22 = 2v/2 and
cosf = L = —2 one can choose
22 f
0 = 135°. So (r,0) = (2v/2,135°).
Smcer—\/ 2)2 4+ (2v/3)2 = 4 and
x =2
cosf = =T =y one can choose
0 =120°. So (r,0) = (4,120°).
(r,0) =(2,90°) 40. (r,0)=(2,180°)
Note 7 = /(=3)2 + (—3)? = 3V/2.
Since tanf = £ = = 1 and (—3,-3)
z =3

is in quadrant III, one can choose 6 = 225°.

Thus, (r,0) = (3v/2,225°).

Copyright 2013 Pearson Education, Inc.
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42.

43.

44.

45.

46.

47.
48.

49.

50.

SL (z,y) =

52.
53.

Note r = /22 + (=2)2 = 2V/2.
Y

-2
Si tanf = = = — = —1 and (2,-2
ince tan = and (2, —2)
is in quadrant IV, one can choose § = —45°.

Then (r,0) = (2v/2, —45°).
Since r = V12 + 42 = /17 and
1
6 = cos~! <x> — cos! () ~ 75.96°
COS , COS \/ﬁ
(V/17,75.96°).
Since r = /(—2)% + 32 = /13 and

-2
0 = cos™! (J:) = cos ! () ~ 123.7°,
r V13
(V13,123.7°).

Since r = 4/(v/2)2 + (—2)2 = v/6 and

6 = tan~! (i) = tan~! (\_/;) ~ —b4.7°,
(V6, —54.7°).

Note r = \/(—2)2 +(—V3)2 =T
Since tan™! (y) =tan~! <_;/§> ~ 40.9°

one gets (r,0) =

one gets (r,0) =

one obtains (r,0) =

T

and (—2, —+/3) is in quadrant III, one can
choose ¢ = 180° + 40.9° = 220.9°.
Thus, (r,0) = (v/7,220.9°).

x,y) = (4cos26°,4sin26°) ~ (3.60,1.75)

(
(»’Ua y) = (—5cos 33°, —5sin 33°) ~
(—4.19,-2.72)

(:U, ) (2cos(m/7),2sin(mw /7)) =~
(1.80,0.87)
(
(

=
CD||

x,y) = (3cos(27/9), 3sin(27/9)) ~
2.30,1.93)

(—2cos(1.1), —2sin(1.1)) =
(—0.91, —1.78)

(z,y) = (6 cos(2.3),6sin(2.3)) ~
Since r = V4% + 52 ~ 6.4 and

5 5
tanf = % = we get 6 = tan~! <4> ~

(—4.00,4.47)

51.34°. Then (r,0) ~ (6.4,51.34°).

54.

55.

56.

57.

58.

467

Note, 7 = v/(—5)? + 32 ~ 5.8 and

tan~! <35> ~ —31.0°. Since (—5,3) is

a point in the 2nd quadrant, choose
0 = —31.0° 4 180° = 149.0°.
Then (r,0) ~ (5.8,149.0°).

Note, r = v/(—2)? + (—7)? = 7.3 and

tan~! (:;) ~ 74.1°. Since (—2,-7) is

a point in the 3rd quadrant, we choose
0 = T74.1° + 180° = 254.1°.
Then (r,0) ~ (7.3,254.1°).

Note, 7 = /3% + *(—8)2 ~ 8.5 and

tan~! <38> ~ —69.4°. Since (3, —8) is

a point in the 4th quadrant, we let
0 = —69.4° 4 360° = 290.6°.
Then (r,0) ~ (8.5,290.6°).

r = 2sinf is a circle centered at (x,y) = (0, 1).
It goes through the following points in polar
coordinates: (0,0), (1,7/6), (2,7/2),
(1,57/6), (0,7).

y

X

-1 1

r = 3cosf is a circle centered at
(z,y) = (3/2,0). It goes through the
following points in polar coordinates: (3,0),

(3/2,7/3), (0,7/2), (—3/2,27/3), (-3, 7).

157

.
\__/

-1.5¢
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59. r = 3cos 20 is a four-leaf rose that goes 63. r = 14 cos @ goes through the following points

through the following points in polar in polar coordinates (2,0), (1.5,7/3), (1,7/2),
coordinates (3,0), (3/2,7/6), (0.5,27/3), (0, ).
(0,7/4), (=3,7/2), (0,37/4), (3, 7), y
(—3,371/2), (0,71/4).
y
4

X
2 1

64. r = 1 —cos @ goes through the following points
in polar coordinates (0,0), (0.5,7/3), (1,7/2),
60. r = —2sin 26 is a four-leaf rose that goes (1.5,27/3), (2,m).
through the following points in polar

coordinates (0,0), (—v/3,7/6), (=2, 7/4),

(0,7/2), (2,3m/4),(0,7), (=2,57/4),
(2,77 /4).

y

65. 72 = 9cos 20 goes through the following points
in polar coordinates (0, —m/4),
(:I:\/g/zv —7['/6), (:l:37 0)7 (i\/§/27 7T/6)7

61. r = 26 is spiral-shaped and goes through the (0,7/4).
following points in polar coordinates g

(—=m,—7m/2), (0,0), (m,7/2), (27, 7)

y
1
X
2 4
X -1

4

66. 72 = 45sin 20 goes through the following
. points in polar coordinates (0, 0),
62. r =6 for 6 < 0 goes through the following
+2 +2,7/4 2).
points in polar coordinates (—m, —), (£2v3, 7r/6),y( 7/4), (0,7/2)
(_7T/27 _77/2)7 (Oa 0)

2
y _/— :
X
X :—l 1
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67. r = 4cos 20 is a four-leaf rose that goes
through the following points in polar
coordinates (4,0), (2,7/6), (0,7/4),
(—4,7/2), (2,57/6), (4,7), (0,57 /4),
(—4,37/2), (0,77 /4).

‘i’

Vel W
ON

68. r = 3sin 20 is a four-leaf rose that
goes through the following points in
polar coordinates (0,0), (3v/3/2,7/6),
(37 71‘/4), (07 71'/2), (_37 37?/4)7
(0,7), (3,57/4), (0,371/2),
(=3,77/4), (0,2m).

69. r = 2sin 30 is a three-leaf rose that goes
through the following points in polar
coordinates (0,0), (2,7/6), (—2,7/2),
(2,57/6).

70. r = 4 cos 30 is a three-leaf rose that goes
through the following points in polar
coordinates (4,0), (0,7/6), (—4,m/3),
(4,27/3).

71.

72.

73.

74.

75.

469

r =1+ 2cosf goes through the following
points in polar coordinates (3,0), (2,7/3),
(1,7/2), (0,27/3), (1 — V/3,57/6),
(—1,m).

r = 24 cos 0 goes through the following points
in polar coordinates (3,0), (2.5,7/3), (2,7/2),
(1.5,27/3), (1, 7).

y

©

r = 3.5 is a circle centered at the origin
with radius 3.5.

@—\<
IS
<

r = —b is a circle centered at the origin
with radius 5.

$<

6 = 30° is a line through the origin that makes
a 30° angle with the positive z-axis.
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76.

7.

78.

79.

80.

81.

82.

83.

84.

0 = 37 /4 is a line through the origin that
makes a 37/4 angle with the positive z-axis.

Multiply equation by r.

2

r® = 4drcos6
2 4y? = 4o
2 2 _
=4z +y° = 0
Multiply equation by 7.
r? = 2rsind
2+ y2 = 2y
2?4yt -2y = 0
Multiply equation by sin 6.
rsingd = 3
y = 3
Multiply equation by cos 6.
rcosf = =2
r = -2
Multiply equation by cos@.
rcosf 3
r = 3
Multiply equation by sin 6.
rsing = 2
y = 2

Since r =5, /a2 +y? =5 and

by squaring one gets z2 + y? = 25.

Since r = —3, —v/x? + y? = —3 and

by squaring one gets x? + y? = 9.

in
85. Note tanf = o :y—/r Ly
cos z/r =z
Since tan7/4 =1, Y~ 1or Y=z
x
86. Note tanf = sin 0 = yf/r _
cos z/r =
SincetanOzO,gzoory:O
x
87. Multiply equation by 1 — sin 6.
r(l —sinf) =
r—rsinf =
r—y =
22 +y?2 = y+2
224yt = P dy+4
-4y = 4
88. Multiply equation by 1 + cos 6.
r(1+cosf) = 3
r4+rcosf = 3
r+z = 3
+y/22+y? = 3—=x
22+ = 9—6z+a?
> 4+6x = 9
89. rcosf =4 90. rsinf=—6
91. Note tanf = y/x.
y = —x
v o_ o,
x
tanf = -1
0 = —7/4
92. Note tanf = y/x.
y = V3
N
x
tand = /3
0 = 7/3
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7.6 POLAR EQUATIONS

93. Note x =rcosf and y = rsiné.

(rcos)? = 4rsinf
r?cos’ = 4rsinf
4sin 6
7" = —_—
cos? 6
r = 4tanfsech

94. Note x =rcosf and y = rsinf.

(rsinf)? = 2rcosf
r?sin?@ = 2rcosf
2cos 6
ro=
sin” 0
r = 2cotfcsch
95. r =2
96. Note x = rcosd and 22 + 3% = r2.
2+t = 1
(reosf)*+1r? = 1
r*(cos’0+1) = 1
1
2 _
"7 o201
97. Note x =rcosf and y = rsiné.
y = 2z-1
rsinf = 2rcosf —1
r(sind — 2cosf) = -1
r(2cosf —sinf) = 1
1
T =

98. Note x = rcosf and y = rsin 6

y = —3xz+5
rsinf = —3rcosf+5
r(sinf +3cosf) = 5
5

sin + 3 cos 0
99. Note that y = rsinf and 2% + y? = 2.

2+ (-2 +1) =

24y -2y =
r? —2rsinf =
r? =
r =

2cosf —sin6

1

0

0

2r sin 6
2sin 6

471

100. Note that z = rcos@ and z? + y? = r2.

(> +22+1)+y* =
r? + 2
r? 4+ 2rcosf = 3

101. There are six points of intersection and in
polar coordinates these are approximately
(1,0.17), (1,2.27), (1,4.36), (1,0.87),
(1,2.97), (1,5.06)

102. There are three points of intersection and in
polar coordinates these are approximately

(0,0), (0.9,1.0), (0.9,2.09).

103. There are seven points of intersection and in
polar coordinates these are approximately
(0,0), (0.9,1.4), (1.2,1.8), (1.9,2.8),

(1.9,3.5), (1.2,4.5), (0.8,4.9)

2
104. By solving 3sin(40) = £2 or sin(40) = ig,

one finds

40 = +sin~! (;) + 27k or

2
40 = 7+ sin”! (3> + 27k
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where k is an integer. Then

+sin —
3 wk
0= ———~"2 + — or

4 +2

2
i1
7 £ sin (3) Lk

4 2

There are 16 points of intersection, namely,

(2,0) where 6 =~ 0.2, 0 ~ 0.6, ~ 1.0, 0 ~ 1.4,
~ ~ 22 6025 60~ 30,0~ 3.3,

0~ 37 60~41,60 =45, 0 ~49, 0 ~ 5.3,

0 ~ 1

0 =

107. Since 1 +i = /2 (cos T +isin %), we find

12 12
1+0)2 = (V2)12 (cos47r + isin 47r>
= 64 (cos3m + isin3m)
= —64

108. Note, —8 — 8i1/3 = 16 (cos 240° + 7 sin 240°).

Then the fourth roots are
2 (cos(60° + £90°) + isin(60° + £90°))
where £ =0,1,2,3.
If £k = 0, the fourth root is
2 (cos 60° 4 isin 60°) = 1+ iv/3
If k =1, the fourth root is
2 (cos 150° + isin 150°) = —v/3 4 i
If k = 2, the fourth root is
2 (cos 240° 4 isin 240°) = —1 —iV/3
If k = 3, the fourth root is
2 (cos 330° 4 isin 330°) = V3 — i

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

109. Note, arcsin(0.88) ~ 1.08 and
7 — arcsin(0.88) ~ 2.07. Then

T~ 0.884+2km or x~ 2.07+ 2kw

where k is an integer.

110. Separate the fraction as follows:

1 —2sin’z 9
— 5 — eS¢t =

sin“ x

1 2sin? )
—5— — ——5— — CsCT X =
sin“ x sin“ x
csc?2r —2—csc?x = —2

111. Use a cofunction identity and the fact that
cosine is an even function.

(-3 = en(Z-(-2)

112. Since the y-values of the key points are
—1,—-2,—-3,—2, —1 in that order, choose A = 1
and D = —2.

Since the first and last z-values are 7/3 and
57 /3, choose C' = /3.

Since the difference of the first and last z-
values is 57/3 — 7/3 = 4w /3 which is the pe-
riod, choose B = 3/2 for % =4

Then

y = Acos(B(x—C))+ D
y = cos(1l.5(x—7/3))—2
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Thinking Outside the Box LXVI

In the figure below,

the angle at the center O is
(AOB =7 — 6.
Then the area of triangle AAOB is

sin 0

2

A =

and the area of sector AB is

A-d = 575773
- g - g — sin(6/2) cos(0/2)

b) Applying the Pythagorean Theorem to AAOC,
we find

AC =1/tan(0/2).
Then the area of AAOC is
_
2tan(6/2)
and the area of the quadrilateral ABCO is
1

A= ntey2)

Hence, the area below the circle and inside the
trench is

473

1 T 0
A= A=t "2 2

c) Using a calculator, we find that as 6 approaches

m, the ratio
As - At

A, — A,

approaches 2.

7.6 Pop Quiz

[y

. Since —157/4 lies in Quadrant 4 and r = —1 is
negative, the point lies in Quadrant 2.

N

- (#,y) = (4c0s 150°, 4sin 150°) = (~2V/3,2)

. Since the angle is 37/4 and r = \/(—2)? 4+ 2% =
2v/2, the polar coordinates are (2v/2,37/4).

w

4. Multiply both sides of r = 4 cos@ by r.
r? = drcosf
2?4yt = 4z
2 —dz+y? = 0
5. Multiply both sides of r = —16sin 8 by r.
r? = —16rsind
2+ = 16y

a:2—|—y2+16y =0
2>+ (y+8)?2 = 64

The center is (0, —8) and the radius is 8.

6. Substitute y = rsinf and x = r cos @, and solve

for r
y = x+1
rsinf = rcosf+1
r(sinf —cosf) = 1
1
r =

sin@ — cos 8

Copyright 2013 Pearson Education, Inc.



474

For Thought

1. False, t is the parameter.

2. True, graphs of parametric equations are
sketched in a rectangular coordinate system
in this book.

3. True, since 2z =t and y =2t +1=2(2z) + 1
=4z +1.

4. False, it is a circle of radius 1.

1
5. True, since if t = 3 then z =3 () +1=2

andy:6(;)—1:1.

6. False, for if w? —3 = 1 then w = 2 and
this does not satisfy —2 < w < 2.

7. True, since x and y take only positive values.

8. True

9. False, since e

be negative.

is non-negative while In(¢) can

10. True
7.7 Exercises

1. parametric
2. parameter

3. Ift =0, then x =4(0) + 1 =1 and
y=0-2=-2.Ift=1,thenx =4(1)+1=5
andy=1-2=—1.

If x =7, then 7 = 4t + 1. Solving for t, we
get t = 1.5. Substitute t = 1.5 into y =t — 2.
Then y =1.5—-2 = —0.5.

If y =1, then 1 =t — 2. Solving for ¢, we get
t = 3. Consequently y = 4(3) + 1 = 13.

We tabulate the results as follows.

t | x Y
1| =2
1 |5 ] -1
1.5 7 |—-0.5
3 |13 1

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

4. Ift =2, thenx =3-2=1andy =2(2)+5=9.

Similarly, if ¢t = 3, then z = 0 and y = 11.

If £ = —2, then —2 = 3 — ¢. Solving for ¢, we
get t = 5. Substitute t = 5 into y = 2t + 5.
Then y = 15.

Similarly, if y = 19, then 19 =2t +5
and so t = 7. Consequently xt =3 -7 = —4.

We tabulate the results as follows.

Y
9

o8

11
-2 115
—-4119

| O W| DN =+

5. Ift=1,thenz =1 =1and y=3(1) -1 =2.

If ¢t = 2.5, then = = (2.5)? = 6.25 and
y=3(2.5) —1=6.5.

If =5, then 5 =¢% and t = /5.
Consequently, y = 3v/5 — 1.

If y = 11, then 11 = 3t — 1. Solving for t,
we get t = 4. Consequently z = 4% = 16.

If z = 25, then 25 = t? and t = 5.
Consequently, y = 3(5) — 1 = 14.

We tabulate the results as follows.

t T Y

1 2
2.516.25 6.5
V5| 5 [3V5—1
4 16 11
5} 25 14

6. Ift=0,thenz=v0=0and y=0+4=4.

Ift=2thenz=+v2andy=2+4=6.
Ift=4,thenz =+v4=2andy=4+4=8.

If y=12, then 12 =¢t+4 and ¢t = 8.
Consequently, z = /8 = 21/2.

If 2 =3, then 3=+t and t=9.
Consequently y =9+ 4 = 13.
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We tabulate the results as follows.

t| x Y
0] O 4
2] V2|6
41 2 8
8|2v2 |12
91 3 |13
7.
t| x|y
Some points are given by | 0 | =2 | 3 |
4110 |7
The domain is [—2,10] and the range is [3, 7].
y
7/
~31
— X
2 10
8.
t Y
Some points are | 1| 1 |2 |
3|1-510
The domain is [-5, 1] and the range is [0, 2].
y
2
X
5 1
9.
t| > |y
Some points are given by | 0| —1 | 0 |.
2|11 |4

The domain is (—oo, 00) and the
range is [0, 00).

475

t T Y
10. Some points are| —3 | =6 | —1/3 |.
9 | —1] 1/2

The domain is (—oo, —3) U (=3, 00) and
the range is (—o0,0) U (0, 00).
y

11. A few points are approximated by

w | x|y
0.2]10409|
08109104

The domain is (0, 1) and the
range is (0,1).

y
2+

1()\
D X
1

12. Since z = In(¢) is undefined for —2 < ¢ <0,
the parametric equations are valid for
0 <t < 2. Some points are approximated by

t| x|y
0 [4]
0.715
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The domain is (—oo,1n2) and the
range is (3,5).
y

7

13. A circle of radius 1 and centered at the origin.

The domain is [-1, 1] and the
the range is [—1, 1].
y
2,,

dh
_2\J2

2+
t T Y
14. Some points are given by| 7 /2 0 |
/2| —7m/4 | -1

The domain is (—oo, 00) and the
the range is [—1, 1].
y

-Pi | \f

5
15. Since t = %, we obtain

5
y—3—4(x1 >——a:—2orw+y——2.

The graph is a straight line with domain
(—00,00) and range (—o0, 00).

16.

17.

19.

21.

22.

23.

24.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

1
Since t = %, we obtain
1 4 34

The graph is a straight line with domain
(—00,00) and range (—o0, 00).

Since 22 + 32 = 16sin?(3t) + 16 cos?(3t) = 16,
the graph is a circle with radius 4 and with
center at the origin.

Domain [—4,4] and range [—4, 4]

. Since x = sin 2t, y = 3z and the graph is

a straight line segment with domain [—1, 1]
and range [—3, 3].

Since t = 4z, we find y = e** and the graph
is an exponential graph.

Domain (—o0, 00) and range (0, c0)

. y = (t—5)% = 22 and its graph is a parabola

Domain (—o0,00) and range [0, c0)
y = 2x + 3 represents the graph of a
straight line

Domain (—o0,00) and range (—o0, 00)

y = —x2 + 3 and its graph is a parabola

Domain (—o0,c0) and range (—oo, 3]
An equation (in terms of x and y) of the
line through (2,3) and (5,9) is y = 2z — 1.
(i
)

An equation (in terms of ¢ and z) of the line
3
through (0,2) and (2,5) is z = 5154—2.

3
Parametric equations are x = §t + 2 and
3
y:2(2t+2> —1=3t+3 where 0 <t < 2.

An equation (in terms of x and y) of the line

—-13 2
through (—2,4) and (5,—9) isy = 2 + =

An equation (in terms of ¢ and ) of the line
through (3, —2) and (7,5) is
Tt 29

T =— — —

4 4
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. . Tt 29
Parametric equations are x = T 1 and
By, B,
Y \u T 4) Tt T Ty

where 3 <t < 7.

3
25. x =2cost, y=2sint, 7 <t < %

26. x =3cost, y =3sint, 7 <t <27
27. =3, y=1, —co<t <0
28. x=t,y=2, —co <t <0

29. Since x = rcost, y =rsint, and r = 2sint,
we get x = 2sintcost = sin 2t and
y = 2sintsint = 2sin? t where 0 < t < 27.
Then z = sin 2t and y = 2sin’¢.

30. z =5sin2tcost, y = Hsin2tsint,
0<t<2r7

31. For —m <t <, one obtains the given graph

(for a larger range of values for ¢, more points

are filled and the graph would be different)
y

—
==

32. For —20 <t < 20, one obtains

y
é g X
-1 1

33. For —15 <t < 15, one finds

y

10 ‘ 5

34. For —15 <t < 15, one finds

35. For —10 <t < 10, one obtains

y

4,,

36. For —10 <t < 10, one obtains

y

37. A graph of the parametric equations

x = 1501/3t and y = —16t% + 150t + 5
(for 0 <t < 10) is given

Copyright 2013 Pearson Education, Inc.
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38.

39.

40.

41.

42.

357+

1000 2000\ 3000
If y = 5, then —16t2 + 150t = (150 — 16t) = 0.

150
(Note, t = Tﬁ) The distance of the target

from the archer is given by

1
x = 1503 (1560> ~ 2435.7 feet.

Solving y = —16t% + 150t + 5 = 0, one finds

—150 4 /1502 — 4(—16)(5)
—32

~ 9.41, —0.03

The arrow is in the air for 9.4 seconds.

In finding the vertex of y = —16t2 + 150t + 5,

one obtains t = —i = —@ = E
22 32 16
and the maximum height is
75\ 2 75
—16 { — 150 ( — ~ 356.6 feet.
6(16) + 50(16>+5 356.6 feet

Multiply both sides by 7:

2

r“ = 8rcosf
2?4y = 8z
2 2 _
=8z +y° = 0

Note, —1 = cos180° + ¢sin180°. Then the

fourth roots of —1 are

cos(45° + k90°) + isin(45° + k90°)
where £k =0,1,2,3.
If k = 0, the fourth root is

2 2
cos45° + 1sin45° = \2[ + 1\2[

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

If kK =1, the fourth root is

2 2
cos 135° 4+ 4sin 135° = _£ + z£
2 2
If £ = 2, the fourth root is
2 2
cos 225° + i sin 225° = V2 V2
2 2
If £ = 3, the fourth root is
2 2
cos 315° + isin 315° = *2[ _ 1\2[

43. The magnitude is

V32 + (—3V3)2 = V9 + 27 = V36 = 6.

Note, aurctan*T‘/g = arctan(—V3) = —7/3.
Since (3, —3v/3) lies in quadrant 4, we may
take the argument to be 57/3. Then

3 — 3v3 = 6 (cos(57m/3) + isin(57/3)) .

44. Since cos 4b = 3w, we obtain 4b = arccos(3w).
Then b = 1 arccos(3w).

45. Solve by factoring as follows:
(2cosx —1)(cosz+1) = 0

cCosT =

Then x = E,ﬂ', 51
3 3

46. Note, a lies in quadrant 3. Then

cosa = —\/1—sin?a = —/1 —49/64 = —%.

Thus,

—7/8 7 7V15
tana = = = =

cosa —/15/8 V15 15

Thinking Outside the Box LXVII

The sides of the three squares are /8, /13, and
v/ 17. These are also the sides of the triangle. We
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use Heron’s formula to find the area of the triangle.

Let
o VB VIZH+VIT
= 5 )
The area of the triangle is

Area = \/s(s —V8)(s — V13)(s — V17)
= 5 acres
= 5(43,560) ft?

Area = 217,800 ft2.

7.7 Pop Quiz

1. Substitutet =3,5inxz =2t+5and y =3t — 7.

tl x|y
112
51158

The endpoints are (11,2) and (15, 8).
2. Since 22 +y? = 9cos?t + 9sin’t = 9, we get
? +y? = 9.
The graph is a circle with radius 3.

3. The line passing through (0,1) and (3,5) is

4
= — 1.
Y 3x+

The linear function y = f(¢) that satisfies
i) y=1ift =0, and
i) y=>5ift=4

is
y=t+1.

Then we obtain

11 t+1 4y
—XT = = or —Tr =1.
3 y 3

Thus, the parametric equations are

3t t+1
xr= — = .
k& Y

479

7.7 Linking Concepts

a) The rectangular coordinates of (r1,6;) and
(ro,62) are (x1,y1) = (r1cosby,risinf;) and
(x2,y2) = (racosfy,rosinfy), respectively.
Note, for all r and 6 we have

r?cos? 0 + r’sin? 6 = r2.

Consequently, we obtain the distance d as
shown below.

d= \/(932 —x1)? + (y2 — 11)?

\/(7"2 cos By — r1cos61)? + (rgsinfy — rq sin 0)?2

\/7‘% + 72 — 2r179[cos 01 cos O + sin 0; sin Os]

\/r% + 72 — 2r1ry cos(fe — 01)

b) Suppose the polar coordinates satisty r1,79 > 0
and 0 < 01 < 65, as shown below.
y

(ra, ©2)

62-61
(ra, 1)

By using the law of cosines, we have

d= T% + T% — 271719 COS(92 — 91)

The distance formula also holds true and can
be proved similarly for the remaining cases
such as when 6y or 0, are greater than 27 or
negative, and when 71 or ro are negative.

c) In three-dimensional space, the distance be-
tween the points (x1,y1,21) and (x2,y2, 22) in
rectangular coordinates is

d= \/(96'2 — 1)+ (Y2 —y1)? + (22 — 21)%

Note, the conversion of the polar coordinates
(r,0, z) into rectangular coordinates is

(rcos@,rsinb, z).
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By using the results in Part (a), we obtain the
distance d between (11,01, 21) and (12,02, 22).

d= /(2 —21)? + (g2 — y1)* + (22— 21)? =

\/r% + 73 — 2rirycos(fy — 01) + (22 — 21)?

d) Note, a point on the earth with longtitude «
and latitude § has rectangular coordinates

(z,y,2) = (rcosacos [, rsinacos 3, rsin [3)

assuming 7 is the radius of the earth. Recall,
the angle 6 formed by two vectors v and w

satisfies
(v, w)

cosl = .
|v] - [w]

Let v be the vector whose initial point is the
center of the earth and whose terminal point
is (aq,$1). Similarly, let w be the vector
that emanates from the center of the earth
and whose terminal point is (ag,32). Then
|v| = |w| = r and

cos = (r2 cos (31 cos P2 cos a1 COS (o
+12 cos 31 cos B2 sin oy sin
+r2sin (1 sin ﬁg) +r?
= cos 31 cos (32 COS (1 COS iy
+ cos (31 cos B2 sin v sin ag
+ sin (1 sin (s
cosf = cosfcos Py cos(a; — ag) + sin f sin Fa.

Note, the length of the arc, .S, subtended by a
central angle 6 (radians) in a circle with radius
r is given by

S =rd.
Therefore, the distance S between two points

(a1, 41) and (g, 52) on the surface of the earth
is given by

S = rcos™! (sin By sin Ba + cos By cos B2 cos(ag — ).

e) The latitude and longtitude of Chicago, Illinois
are approximately 89° west and 43° north, re-
spectively. Using the («, 3)-coordinates de-
scribed in Part (d), for Chicago we have
(041, ﬁl) = (89O, 430).

The latitude and longtitude of Paris, France
are approximately 2° east and 49° north, re-
spectively. The («,)-coordinates for Paris
are (ag, f2) = (358°,49°).

Suppose the radius of the earth is r = 3963
miles. Then by using the formulas for 6 (radi-
ans) and S in Part (d), we obtain the distance
S between Chicago and Paris.

6 = cos ! (sin B sin Bo+
cos 31 cos B2 cos(ag — a3))
= cos ! (sin43°sin49°+
cos 43° cos 49° cos(89° — 3587))
0 =~ 1.03986

Hence, the distance between Chicago and
Paris is

S ~ 3963(1.03986) ~ 4121 miles.

The discrepancy of the distance obtained is
due to the estimates for the latitude, longti-
tude, and the points in Chicago and Paris
where the distance of 4140 miles was deter-
mined.

Review Exercises

1. Draw a triangle with v = 48°, a = 3.4, b = 2.6.

3.4

48° @

2.6

By the cosine law, we obtain
c=/2.62 + 3.4%2 — 2(2.6)(3.4) cos 48° =
2.5475 =~ 2.5. By the sine law, we find

2.5475 2.6
sind8  sinp
. 2.6 sin 48°
sing = —5r

sinf3 ~ 0.75846
I&; sin~1(0.75846)
6 49.3°.

Q

Q
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Also, a = 180° — (49.3° + 48°) = 82.7°. 4. Draw angle a = 50°.
2. Draw a triangle with sides a =6, b = 8, ¢ = 10.
C
8.4 :
8
¢! 6 h
5 50°
° A
10
Since h = 8.4sin50° ~ 6.4 and a = 3.2 < 6.4,
By the cosine law, no triangle exists.
62 + 8% — 10?
cosy=———~——=0. 5. Draw a triangle with a = 3.6, b = 10.2, ¢ = 5.9.
2(6)(8)

So v =90°. This is a right triangle.
Since a = sin~1(6/10) ~ 36.9°,
we have § = 90° — 36.9° = 53.1°.

5.9
3. Draw a triangle with a = 13°, 8 = 64°, ¢ = 20. 6 3.6
« Y
10.2
a
o b -
By the cosine law one gets
° 13°
o1 3 5.92 4 3.6% — 10.22 L3
cos 3 = ~ —1.3.
20 2(5.9)(3.6)
This is a contradiction since the range of
Note v = 180° — (64° + 13°) = 103°. cosine is [—1,1]. No triangle exists.
. 20 a
By the sine law, we get = 0o = = = 6. Draw a triangle with = 36.2°, 7 = 48.1°,
20 b and a = 10.6.
and — = — .
sin 103°  sin 64°
So 20 sin 13° ~ 4.6 ¢
a = 1n ~ 4.
sin 103° a b
20 NP
and b = sin 64° ~ 18.4. 36.2° 48.1°

~ 8in103°

10.6

Note o = 180° — (36.2° + 48.1°) = 95.7°.
By the sine law,
b 10.6 c 10.6

= d =
sin36.2°  sin95.7° C§ind8.1°  sin95.7°
10.6
— 2 in36.2° ~ 6.
Sob 0570 sin 36 6.3 and
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_ 2 4in48.1° ~ 7.9. 9. Draw angle § = 22° and let h be the height.
sin 95.7° A
7. Draw a triangle with sides a = 30.6, b = 12.9, 4.9
and c = 24.1. :
-h
24.1 22 :
o 12.9 B
I5] Y

Since h = 4.9sin22° ~ 1.8 and 1.8 < b < 4.9,

30.6 we have two triangles and they are given by
By the cosine law, we get A
24.1%2 +12.9% — 30.62 :
cos o = - 12.97 = 30.6 ~ —0.3042. 4.9 )
2(24.1)(12.9) 9
So a = cos™1(—0.3042) =~ 107.7°. h "
22° S O
Similarly, we find 5
24.1% + 30.6% — 12.9?
= =~ 0.9158.
cos 2(24.1)(30.6)
So B = cos1(0.9158) ~ 23.7°. and A
Also, v = 180° — (107.7° 4+ 23.7°) = 48.6°. L9 :
8. Draw a triangle with o = 30°, a = v/3, b = 2v/3. 2 5
220 M2
c B
3 V3
30° v Apply the sine law to case 1.
23 4.9 2.5
siny;  sin22°
i 4.9sin 22°
By the sine law, siny, = zu;
V3 2v3 sinyi A~ 0.7342
sin 30° sin § v =sin"1(0.7342) ~ 47.2°
sin = 2sin30°
sinf = 1 So ap = 180° — (22° +47.2°) = 110.8° .
_ o 2.5
pgo= 90 By the sine law, a1 = ——— sin 110.8° ~ 6.2
sin 22°

This is a right triangle and v = 60°. Then
In case 2, 79 = 180° — v, = 132.8°

(V3242 = (2v3)? and ap = 180° — (22° + 132.8°) = 25.2° .
2 = 2.5
3+c 12 By the sine law, as = — sin 25.2° ~ 2.8 .
2 =9 sin 22°
C =
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10. Draw angle g = 121° .
C

5.2
121°

B 71 A

By the cosine law, we find
b= /522+712—2(5.2)(7.1) cos 121° ~
10.746 ~ 10.7. Apply the sine law.

10.746 7.1
sin121°  sinvy
) 7.1sin121°
iny = ———
SR 10.746
siny ~ 0.5663

v =sin"1(0.5663) ~ 34.5°

So a = 180° — (34.5° + 121°) = 24.5° .

1
11. Areais A = 5(12.2)(24.6) sin 38° &~ 92.4 ft2.

12. Draw angle § = 118.6° .
A

400
118.6°

Note v = 180° — (118.6° 4 12.4°) = 49°.
By the sine law,

a 400
sin12.4°  sin49°
400
= in12.4°
@ sin 49° Sl
a ~ 113.811.

1
The area is A = 5(113.811)(400) sin 118.6°

~ 19,984.8 m?.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.
24.
25.
26.
27.
29.
30.
31.

32.

483

5.4+412.349.2
2

Since S =

area is

— 13.45, the

/13.45(13.45 — 5.4)(13.45 — 12.3)(13.45 — 9.2)
~ 23.0 km?.

20 +22 + 3
2
V22.5(22.5 — 20)(22.5 — 22)(22.5 — 3)

~ 23.4 ft2.

Since S = = 22.5, the area is

| vg | = [6c0s23.3°| ~ 5.5,
| v, | =|65in23.3°| ~ 2.4

| vy | = [4.5c0s156°| =~ 4.1,
| vy | = [4.5sin156°| ~ 1.8

| vg | = 13.2c0s231.4°| = 2.0,
| vy | = |3.25in231.4°| ~ 2.5

| vy | = |7.3 cos344°| = 7.0,
| vy | = [7.35in344°| = 2.0

Magnitude v/22 + 32 = /13, direction angle
tan=%(3/2) ~ 56.3°

Magnitude /(—4)? + 32 = 5, direction angle
cos~1(—4/5) ~ 143.1°

The magnitude is 1/(—3.2)2 + (—5.1)2
~ 6.0. Since tan=1(5.1/3.2) ~ 57.9°, the
direction angle is 180° 4 57.9° = 237.9°.

The magnitude is \/(2.1)2 + (—3.8)% ~ 4.3.
Since tan~!(—3.8/2.1) ~ —61.1°, the
direction angle is 360° — 61.1° = 298.9°.

V2 cos45°,/2sin 45°) = (1,1)
(3,3V/3)
9.1c0s109.3%,9.1sin 109.3°) ~ (—3.0, 8.6)

6 cos 60°, 6 sin 60°) =

{

{

{

(5.5 cos 344.6°, 5.5 5in 344.6°) ~ (5.3, —1.5)
(—6,8) 28. (-12,3)

(2 —2,-5—12) = (0, -17)

(3—4,6—8) = (—1,-2)

(—1,5) - (4,2) = 4 +10=6

(=

4,7)(T,4) = —28 4+ 28 =0
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33.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

—44i +8j 34. 32i —41j

(7.2c0s30°) ¢ + (7.2sin30°) j =~
3.6V3i +3.637

The magnitude of (2,5) is v2% 4+ 52 = 1/29.
6 12v29 . 30v29 .
v + J

So v = ——(2,5) =
0 v =525 =5 29

13 —5i| = /32 + (-5)2 =34

3.6+ 4.8i| = \/(3.6)2+ (48)2 =6
V5 + V3| =/ (V5)2 + (vV3)2 = V8 =2V2

| = 2v2 4 3iv3| = \/(—2v2)? + (3V5)?2 =
V8 +45 = /53

Note \/(—4.2)2 + (4.2)2 ~ 5.94. If the
terminal side of « goes through (—4.2,4.2),
then tan o = —1. Choose o = 135°.

So —4.2 +4.2i = 5.94 [cos 135° 4 i sin 135°] .

Note /32 + (—v/3)2 = V12 = 2V/3. If the

terminal side of a goes through (3, —/3),
then tan a = —/3/3. Choose o = 330°.
So 3 — iv/3 = 2v/3 [cos 330° + i sin 330°] .

Note /(—2.3)2 + (—7.2)2 ~ 7.6. If the
terminal side of o goes through (—2.3, —7.2)
and since tan~!(7.2/2.3) a2 72.3°, then one can
choose o = 180° + 72.3° = 252.3°.

So —2.3 — 7.2i &= 7.6 [cos 252.3° + i sin 252.3°].

Note /4% 4+ (9.2)? =~ 10.0. If the
terminal side of o goes through (4,9.2),
then a = tan~1(9.2/4) ~ 66.5°.

So 4+ 9.2 ~ 10.0 [cos 66.5° + i sin 66.5°].

x/§<—\/§+1i>:—g+\/§i

2 2 2
V2 V2 .
ﬂ<—2—22> =—-1—1

6.5(0.8377 + (0.5461)i] ~ 5.4 + 3.5i

14.90.3322 — (0.9432)i] ~ 4.9 — 14.1i

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

. Since z; = 2.5v/2 [cos 45° + i sin 45°] and

29 = 3v/2 [cos 225° + i sin 225°], we have
2129 = 15 [cos 270° + isin 270°] = —15¢ and

2 (5/2)V2 Q00N L il 1ano
a3 [cos(—180°) + i sin(—180°)]
)
=

. Since z; = 2 [cos 150° 4 i sin 150°] and

zo = 4 [cos 240° + i sin 240°], we have
z122 = 8[cos 390° + isin 390°] =

301
z1729 = 8 \§+i2 = 44/3 4 4i and
1 1
% = 5 leos(=90°) + isin(~90°)] = ~ 7.

. Let a and (8 be angles whose terminal sides

go through (2,1) and (3, —2), respectively.
Since |2 +i| = v/5 and |3 — 2i| = /13, we get
cosa = 2/+/5, sina = 1/v/5, cos f = 3//13,
and sin 3 = —2/v/13. From the sum

and difference identities, we obtain

cos(ar + ) = fﬁg sin(a+ ) = —\/%5,
cos(a — 3) = \;46757 sin(a — ) = \/76>5

Note 21 = v/5(cosa + isin ) and
z9 = v/13(cos B + isin 3). Then

21z = V65 (cos(a+ 3) + isin(a + B))

8 1
= J@(—i)
V65 V65
Z1%29 = 8—1
and
21

V5 .
» = U3 (cos(a — B) +isin(a — f3))

V65 4 T
BEESE! <m+ml>
21 4 7.
g = 173+1731'

. Let a and (8 be angles whose terminal sides

go through (—3,1) and (2, —1), respectively.
Since | — 3 + 4| = v/10 and |2 — i| = V/5,
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we have cosa = —3/v/10, sina = 1/4/10,

cos 8 = 2/+/5, and sin 8 = —1/+/5. From the

sum and difference identities, we find

cos(a+ () = —\/E;E, sin(a + 3) = \/55>0’
cos(av — f3) = —\/75—0 sin(a — 3) = \/15—0

Note z; = v/10(cos a + isin ) and
z2 = V/5(cos B + isin 3). So

2129 = /50 (cos(a + B) + isin(a + 3))

5 5
_ m(_+i)
V50 /50
z129 = —b+5i
and
21 \/m ..
— = —— (cos(a — +2sin(a —
s — 75 (eosta—B) Fisin(a—0))
7 1
- ()
V50 VB0
a T L
» 5 5"
53. 23 [cos 135° + isin 135°] =
8[—‘2f+ \f] = —4V2 + 4V/2i

54. (v/3)*[cos840° + isin840°] =
9[cos 120° 4+ isin 120°] =

1 3
oL iV3| _ usiasiva
272
55. (44 4i)3 = (4/2)? [cos 45° + isin 45°)% =

128+/2 [cos 135° + z'sin 135°] =
128v/2 { } —128 4 1283
RN

56. (1 —iv/3)* = 24 [cos 300° + isin 300°]* =
16 [cos 1200° + i sin 1200°]* =
16 [cos 120° + i sin 120°]*

1 3
—2+i\f = —8+8iv3

16
2

57. Square roots of i are given by
<90° + k360°) . <90° + k3600)
oS — + 281n — 5 )=

58.

59.

60.

62.

485

cos(45° + k - 180°) + isin(45° + k - 180°).
When k£ = 0,1 one gets

2

cos45° 4+ 4s8in45° = — + 72 and

\/5\@.

2 2
Cube roots of —i are given by
(270o + k360°) . (270° + k360°)
cos| ——— | +sm| ———— | =
3 3
cos(90° + k - 120°) + i sin(90° + k - 120°).
When k£ = 0,1, 2 one gets
cos 90° + i sin 90° = 4,

cos 225° + 4sin 225° =

cos 210° + i sin 210° = —\f ~ i, and
08 330° + i sin 330° — ‘f _ %1

Since |\/§ + i| = 2, the cube roots are

o k: (¢] [¢] k: o
3 [cos (30 +3 360 ) 4 isin (30 +3 360 )]

When k = 0,1,2 one gets v/2 [cos a + i sin a]
where a = 10°,130°, 250°.

Since |3 4 3i| = /18, the square roots of
3+ 3¢ are

45° + k360° 45° + k360°
V18 [cos (+2> + isin (2)}
When k = 0,1 one gets v/18 [cos a + i sin a]
where a = 22.5°,202.5°.

. Since |2 44| = v/5 and tan~1(1/2) =~ 26.6°,

the arguments of the cube roots are

26.6° + k360°

~ 8.9° + k120°
3 +

When k = 0,1,2 one gets v/5 [cos o 4 i sin o]
where a = 8.9°,128.9°,248.9°.

Note |3 —i| = v/10. Since tan—!(—1/3)

~ —18.4°, an argument for 3 —¢ is 360° — 18.4°

= 341.6°. Arguments of the cube roots are

341.6° + k360°
3

When k = 0,1, 2 the cube roots are

are v/10 [cos o + i sin o] where

a = 113.9°,233.9°,353.9°.

~ 113.9° 4+ k£120°.
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63. Since v/625 = 5, the fourth roots of 625i are 73. Circle centered at ( (1,—7/2)

[ (90O + k360°> .. (90O + k360°>}
S|cos| ———— | +isin | ———
4 4
When k = 0,1,2,3 the fourth roots are
5 [cos a + i sin o] where
a = 22.5°,112.5°,202.5°,292.5°.

64. Since v/625 = 5, the fourth roots of —625i are
270° + k360° .. [270° 4 k360° 74. Three-leaf rose
5 |cos — + i sin —

When k = 0,1, 2,3 the fourth roots are
5 [cos a + i sin o] where
a = 67.5°,157.5°,247.5°,337.5°.

55\/§>

65. (5co0s60°,5sin60°) = <2, 5

75. four-leaf rose
66. (—4cos30°, —4sin30°) = (—2v/3, —2)

67. (v/3cos100°, v/3sin100°) ~ (—0.3,1.7)
68. (v/5cos230°, v/5sin230°) ~ (—1.4, —1.7) : ’
69. Note r = 1/(=2)? + (~2v/3)? = V16 = 4. \

Since tan 6 = v/3 and the terminal side of 6
goes through (-2, —2+/3), we have

/N

76. Limacon r = 1.1 — cos 6

6 = 4r /3. Then (r,0) = (4, 4;) :

70. Note r = \/(~3v2)? + (3v2)? = v/36 = 6. " .

Since tanf = —1 and the terminal side of 6
goes through (—3v/2,3v/2), we have

6 =3n/4. So (r,6) = (6, 32) . 77. Limacon 7= 500 + cos §

71. Note r = /22 + (—3)2 = V/13. z
Since 6 = tan~!(—3/2) ~ —0.98,
-499) 50 *
-5

we have (r,0) ~ (\/ﬁ, —0.98) )
72. Note r = /(—4)2 + (—=5)? = V/41.

Since tan~!(5/4) ~ 0.896 and the
terminal side of 6 goes through (—4, —5),
one can choose § = 7+ 0.896 ~ 4.04.

Then (r,0) ~ (\/zﬁ, 4.04) .

78. Circle with a radius of 500.
an
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CHAPTER 7 REVIEW EXERCISES

79.

80.

81.

82.

83.

84.

85. Since y = 3, we find rsinf = 3 and r =

86.

Horizontal line y = 1

Vertical line x = —2
T
3 -1‘ X
5
. 1 .
Since r = ————— we obtain
sin 6 + cos 6
rsinf +rcosf = 1
y+zx = 1.
Since r = —6 cos f, we find
r> = —6rcosf
> +y* = —6x
2246z +y = 0
22 +y? =25
Since r = ———, we get
1+ siné
r+rsinfd = 1
r = 1—y
rt o= (1-y)?
x2+y2 _ 1—2y+y2
2 = 1-2,.

Since 22 + (y +1)? = 1,

P2+ +2y+1 = 1
22 +y24+2y = 0
r? 4+ 2rsing = 0

r? = —2rsinf

r = —2sin6.

87. r=7

88. Since 2z + 3y = 6, we obtain

2rcosf + 3rsinf
r(2cosf + 3sinf)

r

89. The boundary points are given by

487

2cosf + 3sinf’

tlz|y
013
1132

Note, the boundary points do not lie on the

graph.
y

39\
2+ O

90. Some points on the graph are given by

t| z |y
0l-31]0
2| -114
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91. The graph is a quarter of a circle.

y

.2\1

2+

92. The graph is a semi-circle.

y

SR

93. Draw two vectors with magnitudes 7 and 12
that act at an angle of 30° with
each other.

By the cosine law, the magnitude of the
resultant force is

\/122 4 72 — 2(12)(7) cos 150° ~ 18.4 Ib.

By the sine law, we find

7 _ 18.4
sina sin 150°
. 7 sin 150°
siha = ———
18.4

sina ~ 0.19
a~sin~1(0.19) ~ 11.0°

The angles between the resultant and
each force are 11.0° and
6 =180° — 150° — 11° = 19.0°.

94.

95.

96.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

Draw two vectors with magnitudes 40 and 180.

Since the bearing is 35°, we get

8 =90° — 35° = 55°. By the cosine law,
the ground speed of the airplane which is
equal to the magnitude of the resultant
force is

/402 + 1802 — 2(40)(180) cos 125° ~ 205.6 mph.
By the sine law, we obtain

180 205.6
sin o - sin 125°

. _ 180sin125°
ST 056

sina ~ 0.717
a~sin H0.717) ~ 45.8°.

The bearing of the course is
90° — 45.8° = 44.2°.

482 + 364 + 241
Since + 5 + = 543.5, then by using

Heron’s formula the area of Susan’s lot is

/513.5(543.5 — 482)(543.5 — 364)(543.5 — 241)

~ 42,602 ft2.
482 + 369 + 238
2

Similarly, since = 544.5,

the area of Seth’s lot is

\/544.5(544.5 — 482)(544.5 — 369)(544.5 — 238)
~ 42,785 ft2.

Then Seth got the larger piece.

Since an included angle is given, the area is
1

5(135.4)(164.1) sin 86.4° ~ 11, 087.6 ft2.

To use Heron’s formula, first find the length
of the third side. It is
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CHAPTER 7 TEST

V/135.4%2 +164.12 — 2(135.4)(164.1) cos 86.4°
~ 206.086553 ~ 206.1 ft.
206.086553 + 135.4 + 164.1

2
252.7932765, the area is

V/s(s — 206.086553) (s — 135.4)(s — 164.1) ~
11,087.6 ft2.

For the third formula, draw a triangle where
h is the height.

Since s =

135.4

86.4°
164.1

Since h = 135.4sin 86.4, the area is A = %bh

1
= 5(164.1)(135.45in 86.4) ~ 11,087.6 ft”.

97. Consider triangle below.
C

431 122° 562

A B

The distance between A and B is

V4312 + 5622 — 2(431)(562) cos 122° ~ 870.82 ft.

The extra amount spent is

(431 + 562 — 870.82)($21.60) ~ $2639.

98. The distance of the top of the boom from the
ground is 60sin 53° & 47.9 feet. Since the ball
is extended 40 feet from the top of the boom,
the ball is at least 7.9 feet above the ground
at all times. A 6-ft tall pedestrian cannot be
struck by the wrecking ball provided the radius
of the ball is under 1.9 feet.

489

99.

a) By the cosine law and by the method of
completing the square, one derives
3 =

2?2 =

a’® + 1% — 2ar cosf

a’® — 2ar cos 6

A —r?+ricos?d =

& —1r3(1—cos’f) =

A —r’sin?0 =

(a — 7 cosh)?
(a — 7 cosh)?
(a — 7 cosh)?

2

2 —1r2sin®0 = a—rcosh.

Then a = V¢ — r2sin? 6 + r cos 6.

b) When ¢ = 0.1 minute, the number of
revolutions is 42.6.
Then 0 = (0.6)(360°) = 216° and
a = /122 — 22 5in% 216° + 2 cos 216°
~ 10.3 in.

Thinking Outside the Box LXVIII

a) First, use four tiles to make a 4-by-4 square.
Then construct three more 4-by-4 square
squares. Now, you have four 4-by-4 squares.
Then put these four squares together to make
a 8-by-8 square. Yes, it is possible.

b) By elimination, you will not be able to make
a 6-by-6 square. There are only a few possi-
bilities and none of them will make a 6-by-6
square.

Chapter 7 Test

1. Draw a triangle with a =30°, b =4, a = 2.

C
4 :
‘h
30° :
A B
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Since h = 4sin30° = 2 and a = 2,

there is only one triangle and 8 = 90°.

So v = 90° — 30° = 60°. Since ¢? + 22 = 42,
we get ¢ = 2V/3.

2. Draw angle o = 60° and let h be the height.
C
4.2 :

60°

A

Since h = 4.2sin 60° ~ 3.6 and
3.6 < a < 4.2, there are two triangles
and they are given by

C
4.2
C .39
h -
60° X Ba -
A
and
C
4.2
3.9
60° B
A

Apply the sine law to the acute triangle.

39 42
sin60°  sin B
. 4.2 sin 60°
sin By = —39
sin (39 0.93264
By = sin~1(0.93264) 68.9°

So v, = 180° — (68.9° + 60°) = 51.1°.

sin 60°

By the sine law, co =

sin51.1° =~ 3.5.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

In the obtuse triangle, 61 = 180°— (G, = 111.1°
and 7 = 180° — (111.1° 4+ 60°) = 8.9°.

in8.9°~ 0.7.
sin60° o

By the sine law, ¢; =

3. Draw the only triangle with a = 3.6,
a =20.3° and 8 = 14.1°.

3.6

14.1° 20.3°

Note v = 180° — 14.1° — 20.3° = 145.6°.
By using the sine law, we find

b 36 o c 36
sin 14.1° sin 20.3° sin 145.6° sin 20.3°°
Then b = Lsinlll 1° ~ 2.5 and

" sin20.3° A
C = m Sin 1456 ~ 59

4. Draw the only triangle with a = 2.8,
b=3.9, and y = 17°.

2.8

17° «

3.9

By the cosine law, we get
c=+/3.92+2.82 —2(3.9)(2.8) cos 17° ~
1.47 =~ 1.5. By the sine law,

1.47 2.8
sin 17° - sin o
. 2.8sin17°
siImo = 71.47
sin o 0.5569
o ~ sin~1(0.5569) 33.8°.

Also, 8 = 180° — (33.8° + 17°) = 129.2°.
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5. Draw the only triangle with the given 11. Note | — 4 — 2i| = v/20 = 21/5.
sidesa=4.1,b=8.6,and c=7.3 . Since tan—!(2/4) = 26.6°, the direction

angle of —4 — 27 is 180° 4 26.6° = 206.6°.
So —4 — 2i = 2+/5[cos 206.6° + i sin 206.6°].

7.3
3 4.1 12. 6 [cos45° + isin 45°] =
o v 6| V2 +iV2| —3vavsive
8.6

13. 2% [cos 90° + isin 90°] =

First, find the largest angle G by the 512[0 +1] = 512

cosine law. 3 o
14. B [cos45° + isin45°] =
cos 3 7.3% +4.12 — 8.62 s Ry
= 2 2
2(7.3)(4.1) §[2+2i1 3 34 ;
cosf ~ —0.06448
—1
~ —0.06448 1
o os | ) 15. (5c0830°,55in30°) = (522 51) =
6 =~ 93.7°. 22
By the sine law, 5v3 5
2 72
86 7.3 '
sin93.7°  sinvy 16. (—3cos(—m/4), =3sin(—7/4)) =
. _ 7.3sin93.7° 3£ 3£ 3V2 32
siny = 86 B 5 5 Ty

siny =~ 0.8471 17. (33 cos217°,33sin217°) ~ (—26.4, —19.9)
v~ sin~1(0.8471) ~ 57.9°.

18. Circle of radius 5/2 with center at
Also a = 180° — (57.9° 4+ 93.7°) = 28.4°. (r,0) = (5/2,0)

y

6. The magnitude of A+ B = (—2,6) is .

V(=2)? + 62 = /40 = 2V/10.

Direction angle is cos™(—2/1/40) ~ 108.4°.

7. The magnitude of A — B = (—4,—2) is

(—4)2 + (—2)? = /20 = 2V/5. 25
Since tan—!(2/4) ~ 26.6°, the direction
angle is 180° + 26.6° = 206.6°. 19. Four-leaf rose.

y
8. Magnitude of 3B = (3,12) is
V32 +122 = /153 = 3V/17.

Direction angle is tan—1(12/3) ~ 76.0°. - x

9. Since |3 + 3i| = 3v/2 and tan"1(3/3) = 45°,
we have 3 + 3i = 3v/2 [cos 45° + i sin 45°].

10. Since |—14+iv/3| = 2 and cos~1(—1/2) = 120°, 20. We apply Heron’s formula.
we have | — 1 4iv/3| = 2 [cos 120° + i sin 120°]. Since 168495 — 10.2, the area is
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21.

22.

23.

24.

25.

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

v/10.2(10.2 — 4.1)(10.2 — 6.8)(10.2 — 9.5)
~ 12.2 m2.
Since a1 = 4.6 cos 37.2° =~ 3.66 and

ao = 4.6s8in 37.2° ~ 2.78, we have
v =3.667 +2.787 .

Fourth roots of —81 are given by
[ (180O + k360°) - (180O + kSGOO)]
J|cos | ————— | +isin | ————
4 4
= 3[cos (45° + k90°) + isin (45° + £90°)] .
When k£ =0,1,2,3 one gets

3 [cos45° + isin45°] = 3\2@ + i?)\2/§’

3 [cos 135° + isin 135°] = —3\2/§ + i?)\fa
3 [cos 225° + i sin 225°] = —3\2/5 - i3\2/§,
3 [cos315° 4+ isin315°] = 3\2/§ - z3\2/§

Since 22 4 y? + 5y = 0, we obtain

r2 +5rsind = 0
r+5sinf = 0
r = —5sinf

Since r = 5(2sinf cosf), we find

r3 = 10(rsin6)(r cos )

3 =

(22 + y2)3/2

10yz
10zy.

The line that passes through through (-2, —3)
and (4,5) is given by

4 1
Yy=-Tr— =.

3 3

The linear function x = f(t) that satisfies
i) © = —2 when ¢t = 0, and
ii) x=4 whent=1

is defined by
r = 6t — 2.

26.

Then

—det—n -t osi—3
Y73 3 '
Thus, the parametric equations are

r=60—-2, y=8-3
for0<t<1.

Draw two vectors with magnitudes 240 and 30.

Ground speed of the airplane is the magnitude
of the resultant force. From the difference of
the two bearings, one sees that 95° is the angle
between the two vectors. Since the sum of the
angles in a parallelogram is 360°, we get

360° — 2 - 95°
b= 2
the ground speed is

= 85°. By the cosine law,

/302 + 2402 — 2(30)(240) cos 85° ~ 239.3 mph.

By the sine law, we find

30 2393
sina sin85°
. 30 sin 85°
ST o303
sina =~ 0.12489
o ~ sin~1(0.12489)
a ~ 7.2°

The bearing of the course is o 4+ 40° = 47.2°.
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TYING IT ALL TOGETHER 493

Tying It All Together Y5 Teos 135° + i sin 135°] — — 4 it
+1sin135°| = ——= + t1——,
1. Use the quadratic formula to find the zeros of \ o 1 1
the second degree factor in V2 [cos 225° + i sin 225°] = —% - Z%a and
3 _ 2 1 1
z(2” —1) =z - 1)@ + 2 +1). 3 [cos 315° + i sin 315°) = —= — i—.
| R
Then The cube roots of 1 are given by
—14 /124D (k;36()°> L (k360°>
r = cos +sin
2 3 3
—14++/-3 = cos (k120°) 4 isin (k120°)
r = —.
2 When k =0, 1,2 one obtains
1 3 0 1 icin O —
Roots arewz(),l,—2:l:\2[i. cos0” +isin0” = 1,
o oe 1 V3
2. The zeros are —2, 1, 3 since cos 120 4-isin 120° = -3 + 5 b and
1
1|1 2 -5 6 cos 240° + isin 240° = — - ‘fz
1 -1 -6 The solutions are the fourth roots of —2

and the cube roots of 1.

5. By a double-angle identity, we find
and 22 — 2 — 6 = (z — 3)(z + 2)
2(2sinzcosx) —2cosx + 2sinx —1 =0
3. Factoring by grouping, we obtain
(@ +2)—(z+2) = (2 - 1)(z+2)=0.

Then 2° = 1 and 2 = —2. 2cosz(2sinx — 1) + (2sinz — 1) =
The fifth roots of 1 are given by (2cosz +1)(2sinz —1) = 0
<k3600> . <k3600> 1 . 1
cos + 2sIn = COST = —— Or sinx = —.
5 5 2 2

cos(k72°) + isin(k72°).

When k£ = 0,1, 2, 3,4 one obtains
cos0° 4+ 4sin0° =1, cos 72° 4 4sin 72°, T 5
cos 144° + i sin 144°, cos 216° -+ i sin 216°, g T 2km, and —= + 2k,
and cos 288° + i sin 288°.

2 4
The solutions are x = g + 2k, ?ﬂ + 2k,

6.
4. Factoring by grouping, we get

2t (23 —1)+2(2* - 1) = (2?1 +2)(2* - 1) = 0. 4rsing — 2z +2sinz —1 = 0
So z* = —2 and z? = 1. The fourth roots of 2z(2sinz — 1) + (2sinx —1) = 0
—2 are given by (2r+1)(2sinz—1) = 0

o o o o 1 . 1
w CcOS w +7:Sin w — r = —— O0Or SIny = —

4 4 2 2
o [¢] . o o 1 5
V2 [cos (45° + k90°) + i sin (45° + k90°)] . The solutions are z = 5 %+2kz7r, % +2km.
When k£ = 0,1, 2,3 one obtains .
1 1 7. Since e% =1, we get sinz = 0.

4 0 | it S .
V2 [cos 45° + i sin 45°] = % + ZTﬂv The solution are x = k7 where k is an integer.
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8. Since sin(e”) = 1/2, the solutions are given by 13. r =sinf in polar coordinates is a circle
5 through the origin with radius 1/2.
=" 1% or =2 4% y
6 6
z=1In (76r + ka) or z=In <5g + 2k7r)

where k is a nonnegative integer.

9. Using a common base, we obtain

92r=3  _ 95 14. r = 0 in polar coordinates goes through
2c —3 = (—71', _ﬂ-)’ (07 0)7 (7T7 77)'
y
20 =
X =

10. Express the left-hand side as a single

logarithm.
log (21} = o
8\ % +2/) 15. y = V/sinx is only defined for values of z for
r—1 102 which sin z is nonnegative.
T+ 2 N y
x—1 = 100z + 200
—-201 = 99z

Checking z = —201/99 one gets
log(—201/99 — 1) which is undefined.
The solution set is (.

11. y = sinz has amplitude 1 and period 2. 16. y = In(sinz) has vertical asymptotes at = = k
y where sin k = 0 and is only defined for values
of x for which sinz > 0.

12. y = e” goes through (—1,1/e), (0,1), (1,¢).
y
17. r = sin(n/3) = /3/2 is a circle with
radius v/3/2 and center at the origin.
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18. y = x'/3 goes through (-8, —2), (0,0), (8,2).

23. sin"1(1/2) =7/6 24. cos~!(1/2) =n/3
25. tan~!(—1) = —7w/4 26. tan"!(1)=n/4
(x—=2)+(z+2) 2x

27. =
(x+2)(z—2) x?2—4
o8, (1+sin:c)+.(21—sin:1:): 22 P
1—sin“z Cos* T
9 _
a9, 2=V +(2+V3) 4 _,
22 -3 1
30.
ot (o) = (=)
O T EEE— = 10 —
S\@+2)(@-2 S \a2—4
—log(x? — 4)
31.
(x —3)(x+3) -4(xz+3) _y
2z —3)- (z+3)2
32.
cos? x(cos x — sinx)(cos x + sin x)
(2cos?z — 2sinz cos ) (2 cos? x + 2 sin x cos x)
_ cos’z(cosz —sinz)(cosz + sinz) 1
~ 4cos?z(cosx —sinz)(cosx +sinz) 4
33.
V16 B
(2 —V3)(4 +2V3)
4 p—
(2-3)-2(2+3)
2 _ 2,
2—-v3)(2+Vv3) 4-3
34.

35. Since 22 —4 = (z — 2)(z + 2), we find

36.

37.
38.
39.
40.
41.
42.

43.

45.

46.

495

1 1
22 z12 -4 _(z+2)+(z-2)
L1 g2y 1—(x—2)
?2—4 x+2
2 2z
3—z x-3

Express in terms of sinz and cos x.

1 sinx

2sinzcosz  cosx 2SN TCOST

CoS I sinx 2sinx cos x

2sinx  2coszx
1—2sin?z
2

cos? x — sin® x

cos(2x)

cos(2x)

frequency

vertical asymptote
even

odd

opposite, hypotenuse
adjacent, hypotenuse

one

. period

Pythagorean

even, odd
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Concepts of Calculus

la.

b.

Note, the graph of f(x) = —1/x approaches
the vertical asymptote z = 0 going downward
as x approaches 0 through real numbers larger
than 0, as seen below. Thus,

Based on the given graph in Part 1(a), the
graph of f(x) = —1/x approaches the
vertical asymptote x = 0 going upward as
x approaches 0 through real numbers smaller
than 0. Thus,

Note, the graph of f(z) = (x —2)/(z — 1)
approaches the vertical asymptote x =1
going downward as x approaches 1 through
real numbers larger than 1, as seen below.
Thus,

r—2

1m =
z—1tx —1

—0OQ.

]
]
|
[}
]
-
T
]
|
———— e —————————

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

The graph of f(z) = (x—2)/(xz—1) approaches
the vertical asymptote x = 1 going upward
(see the graph in Part 1c) as = approaches 1
through real numbers less than 1. Hence,

The graph of f(x) = tanz approaches the
vertical asymptote z = /2 going downward as
x approaches /2 through real numbers larger
than 7 /2, as shown below. Thus,

lim tanz = —oo.
z—m/2t

VY 1

The graph of f(z) = tanx approaches the
vertical asymptote x = 7/2 going upward (see
the graph in Part le) as x approaches /2
through real numbers less than 1. Hence,

lim tanz = oo.
x—m/27

The graph of f(z) = secx approaches the
vertical asymptote z = /2 going downward as
x approaches /2 through real numbers larger
than 7 /2, as shown below. Hence,

lim secx = —o0.
z—mw/2F

y

/

Y £ E

-
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h. The graph of f(z) = cscx approaches the
vertical asymptote x = 7 going upward as x
approaches 7 through real numbers less than
m, as seen below. Hence,

lim cscx = oo.
r—Tm

\__

e e e m——e N e ———————-
i

-

i. The graph of f(z) = Inz approaches the
vertical asymptote x = 0 going downward as
x approaches 0 through real numbers greater
than 0, as seen below. Hence,

lim Inz = —o0.
z—0t

e

j-  The graph of f(z) = In(—x) approaches the
vertical asymptote x = 0 going downward as
x approaches 0 through real numbers less than
0, as seen below. Hence,

11%17 In(—z) = —o0.

T~

497

2a. Note, the graph of f(x) = —1/x approaches
the horizontal asymptote y = 0 as x increases
without bound, as seen below. Thus,
-1

lim — =0.
r—00

b. As seen in Part 2a, the graph of f(z) = —1/x
approaches the horizontal asymptote y = 0 as
x decreases without bound. Hence,
-1

lim — =0.
T——00 I

c. The graph of f(x) = (z—2)/(x—1) approaches
the horizontal asymptote y = 1 as x increases
without bound, as seen below. Thus,

]
]
|
[}
)
-
T
]
|
B B e
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d. The graph of f(x) = (z—2)/(z—1) approaches
the horizontal asymptote y = 1 as x decreases
without bound, as seen in Part 2c. Hence,

:E—2_

lim 1.
z——o0o r — 1

e. The graph of f(z) = (3xz —4)/(9x — 2)
approaches the horizontal asymptote y = 1/3
as x increases without bound, as seen below.
Thus, we obtain

. 3z —4 1
lim =

z=o0 9r —2 3

N ——————-

1
2
9
|
|
|
|
|
|
1

f. The graph of f(z) = (3z —4)/(9zx — 2)
approaches the horizontal asymptote y = 1/3
as = decreases without bound, see the graph
in Part 2e. Thus,

3r—4 1

xEr—noo 9z — 2 - 3

g. The graph of f(x) = tan~!(z) approaches the
horizontal asymptote y = 7/2 as z increases
without bound, as seen below. Thus,

lim tan~!(z) = g

r—00

i.

e

CHAPTER 7. APPLICATIONS OF TRIGONOMETRY

The graph of f(x) = tan~!(z) approaches
the horizontal asymptote y = —7/2 as z
decreases without bound, see the graph in
Part 2g. Hence, we have

lim tan~'(z) = .
T——00 2

The graph of f(z) = e* approaches the
horizontal asymptote y = 0 as x decreases
without bound, as shown below. Hence,

lim e *=0.
r——00

-

-1

The graph of f(x) = e~ approaches the
horizontal asymptote y = 0 as z increases
without bound, as shown below. Hence,

. 2
lim e =0.
T—00
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