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For Thought

. False, vertex is (0,—1/2). 2.

True

True, since p = 3/2 and the focus is (4,5),
vertex is (4 — 3/2,5) = (5/2,5).

. False, focus is at (0, 1/4) since parabola opens

upward. 5. True, p=1/4.

. False. Since p =4 and the vertex is (2, —1),

1
equation of parabola is y = E(x -2)% -1

and z-intercepts are (6,0), (—2,0).

False, if x = 0 then y = 0 and y-intercept
is (0,0). 8. True

. False; since p = 1/4 and the vertex is (5,4),

the focus is (5,44 1/4) = (—5,17/4).

10. False, it opens to the left.

10.1 Exercises

[y

. conic section

. parabola

axis of symmetry

. vertex

. Note p = 1.

Vertex (0, 0), focus (0, 1), and directrix y = —1

. Note p = —1.

Vertex (0, 0), focus (0, —1), and directrix y = 1

Note p = —1/2. Vertex (1,2), focus (1,3/2),
and directrix y = 5/2

. Note p = 1/2. Vertex (-2, 1), focus (—2,3/2),

and directrix y = 1/2

. Note p = 3/4. Vertex (3,1), focus (15/4,1),

and directrix x = 9/4

10. Note p = —1/4. Vertex (1,2), focus (3/4,2),

and directrix x = 5/4

11.

12.

13.

14.

15.

16.

17.

18.

19.

CHAPTER 10 THE CONIC SECTIONS

Since the vertex is equidistant from y = —2
and (0,2), the vertex is (0,0) and p = 2. Then
1 1 . 1,

a= s =3 and an equation is y = 3%

Since the vertex is equidistant from y = —1

and (0,1), the vertex is (0,0) and p = 1. Then
1 1 1,

a= @ =1 and an equation is y = i
Since the vertex is equidistant from y = 3 and
(0, —3), the vertex is (0,0) and p = —3. Then
1 1 q tion ; L 5
=—=——andan ionisy = ——uxz°.
a ™ 15 and an equation is y 5%
Since the vertex is equidistant from (0,—1)
and y = 1, the vertex is (0,0) and p = —1.
1 1

Then ¢« = — = —- and an equation is

4p 4
1
Yy = —1.T2.

3 1 1
Oneﬁndspza Soa:@ZBand
7

vertex is (3, 5— 2) = (3, 2). Parabola
7
5

1
is given by y = 6(:1: -3+

1 1
One finds p=1. Soa=— = - and
4p 4

vertex is (—1,5 — 1) = (—1,4). Parabola

1
is given by y = Z(x +1)% + 4.

5 1 1
One finds p = 5 So a = =10 and
P

5 1
vertex is (1,—3+ 2) = (1,—2). Parabola

1 1
is given by y = _E($ —1)? - 3"
1 1
One finds p = —2. Soa = — = —= and
4p 8

vertex is (1, -4+ 2) = (1, —2). Parabola

1
is given by y = —g(x —1)2 -2

1
One finds p =0.2. So a = P 1.25 and
P
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10.1 THE PARABOLA

20.

21.

22,

23.

24.

25.

26.

27.

vertex is (—2,1.2 — 0.2) = (—2,1). Parabola
is given by y = 1.25(x +2)? + 1.
1

. =2 and

1
One finds p = 3" So a =

1
vertex is (3, g - 8> = (3,1). Parabola

is given by y = 2(x — 3)2 + 1.
1 1
Since p =1, we get a = @: 1

1
An equation is y = 13:2.

1 1
Si =—-2, wegeta=—=——.
ince p , we get a 1 3

1
An equation is y = —§1:2.

. 1 1
Since p = - we get a = Y —1.
p

An equation is y = —2?

1
Sincepzﬁ, Wegeta:4—24.
D

An equation is y = 422,

1
0) and since a = — =1,

Note, vertex is
4p

(1,
1 .
we find p = 1 The focus is (1,0+p) =

1
(1, 4) and the directrix is y =0 — p or
y=—-.

1
Note, vertex is (—2,0) and since a = i 1,
p

1
we find p = T The focus is (—=2,0+p) =

1
(—2, 4) and the directrix is y = 0 — p or

y:—z-

1
47
we find p = 1. The focus is (3,0 +p) = (3,1)

Note, vertex is (3,0) and since a = W

and the directrix isy =0 —p or y = —1.

28.

29.

30.

31.

32.

653

1
Note, vertex is (—5,0) and since a = — = —,
4p 2

1

we obtain p = =. The focus is (=5,0+p) =

1
(—5, 2) and the directrix is y =0 — p or

1
y=-3
. . 1
Note, vertex is (3,4) and since a = P -2,
P
1 .
we find p = ~3 The focus is (3,4 +p) =

31
<3, 8) and the directrix is y =4 — p or

o
Y= g
. ) 1
Note, vertex is (1,3) and since a = i —4,
p
1 .
we find p = 16 The focus is (1,34 p) =

47
<1, 16) and the directrix is y =3 — p or

_ B
16

Completing the square, we obtain

Y

y = (2> —8x+16) —16+3
y = (z—4)%-13.
. 1
Since — =1, p=10.25.
dp

Since vertex is (4, —13), focus is
(4,—13 + 0.25) = (4, —51/4), and
directrix is y = —13 — p = —53/4.

Completing the square, we find
y = (*+204+1)—-1-5
= (z+1)2-6.
Since — = 1 1/4
ince — = = .
p y P

Since vertex is (—1,—6), focus is
(—1,—6 +1/4) = (—1,-23/4), and
directrix is y = —6 — 1/4 = —25/4 .
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654 CHAPTER 10 THE CONIC SECTIONS

33. Completing the square, we obtain 37. Completing the square,
y = 2(2*+6x+9)+5—18 y = 5(z®46x+9)—45
y = 2(x+3)2—13. y = 5(z+3)*—45.
; L Sincei—5 we have p = 0.05
Slnce@:lp:l/& 1p ) -0o.

Since vertex is (—3,—45), the focus is
(—3,—45 +0.05) = (=3, —44.95), and
directrix is y = —45 — .05 = —45.05.

Since vertex is (—3,—13), the focus is
(—3,-13 + 1/8) = (—3, —103/8), and

directrix is y = —13 — 1/8 = —105/8.

38. Completing the square,
34. Completing the square, we get

y = —2(2*—6x+9)+18

_ 2

Yy
y = 3(z+2)*—11.
. 1
1 Since e —2, we get p=—1/8.
Since — =3, p=1/12. p
4p Since vertex is (3,18), the focus is

Since vertex is (—2, —11), the focus is (3,18 — 1/8) = (3,143/8), and
(=2, -1141/12) = (-2, -131/12), and directrix is y = 18 + 1/8 = 145/8.

directrix is y = —11 —1/12 = —133/12. 39. Completing the square, we get

35. Completing the square, we get 1, 9 1
y = g(m —4m+4)+§—§
= 202> -3z +9/4)+1+9/2 1
y (# = 30-+9/4) +1+9) B PR
y = —2(x—3/2)"+11/2. 8

1
: 1 Since — = 1/8, we find p =2
S —=-2,p=-1/8. ' p ‘
ince - , D / 4p

Since vertex is (2,4), the focus is
(2,44 2) = (2,6), and
directrix isy =4 —2 or y = 2.

Since vertex is (3/2,11/2), the focus is
(3/2,11/2 — 1/8) = (3/2,43/8), and

directrix is y = 11/2 +1/8 = 45/8.

40. Completing the square, we get
36. Completing the square,

1, 71
y = —3a+2z+1)+5+3 y = @i+l —g—g
y = —3(x+1)%+8. y = i(m—l—l)Q—Q.
Since e =-3,p=-1/12. Since 1 =1/4, wefindp=1
dp 4p ’ p==
Since vertex is (—1,8), the focus is Since vertex is (—1, —2), the focus is
(-1,8 —=1/12) = (—1,95/12), and (-1,-2+1)=(-1,-1), and
directrix is y = 8 +1/12 = 97/12. directrix isy = -2 —1 or y = —3.
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10.1 THE PARABOLA

41.

42.

43.

44.

45.

Sincea:1andb:—4,weﬁnd:z:;—:
a

4 1

B = 2. Since ™ =a =1, we obtain p =1/4.

Substituting x = 2, we get y = 22 —4(2) +3 =
—1. Thus, the vertex is (2,—1), the focus
is (2,—-1 + p) = (2,-3/4), the directrix is
y = —1—p = —5/4, and the parabola opens
upward since a > 0.

Note, a =1, b = —6. Sox:;b:§:3and
2a 2

1
i —=a=1,p=1/4
since 1 a=1,p=1/

Substituting z = 3, y = 32 — 6(3) — 7 = —16.
The vertex is (3, —16) and

focus is (3, —16 + p) = (3, —63/4),

directrix is y = —16 — p = —65/4, and
parabola opens up since a > 0.

Note, a = —1, b = 2. Sox:_—b —2

:7:1
2a -2

1
and since " a , P /

Substituting x = 1, y = —(1)?+2(1) -5 = —4.
The vertex is (1,—4) and
focus is (1, -4 +p) = (1,—-17/4),
directrix is y = —4 — p = —15/4, and
parabola opens down since a < 0.

ote, a , ox 5 5
anda simmce =a = = .
1 , D

Substituting z = 2, y = —(2)2 +4(2) +3 = 7.
The vertex is (2,7) and

focus is (2,7 +p) = (2,27/4),

directrix is y = 7 —p = 29/4, and

parabola opens down since a < 0.

Note, a = 3, b = —6. SO$:_—b:§:1and
2¢ 6

1
since i 3, p = 1/12. Substituting
P

r=1,y=31)2-6(1)+1=-2.

46.

47.

48.

655
The vertex is (1,—2) and
focus is (1,-2+p) = (1, —23/12),
directrix is y = —2 — p = —25/12, and
parabola opens up since a > 0.
b -4

Not =2,b=4. S =—=—=-1

ote, a = 2, 0T = o 1

1
and since o a =2, p=1/8. Substituting
D

r=-1,y=2(-1)24+4(-1) - 1= -3.
The vertex is (—1, —3) and
focus is (—1,-3 +p) = (-1, —-23/8),

directrix is y = —3 — p = —25/8, and
parabola opens up since a > 0.
b

Note, a = —1/2, b = —3. =_— =
ote, a /2, 3. Sox 5

3 1
- = —3 and since @ =a=-1/2,
p = —1/2. Substituting x = —3, we have
1 13
y = _5(_3)2 —-3(=3)+2= 5 The vertex

13 13
is (—3, 2) and focus is (—3, 5 +p> =

13
(—3,6), directrix is y = 5 ~P= 7,

and parabola opens down since a < 0.

Note, a = —1/2, b = 3.

1
since s =a=—1/2 then p=—-1/2.
Substituting x = 3, we get

1

7
y:—i@ﬁ+3@y—1=§.

The vertex is (3, ;) and

focus is <3, g +p) = (3,3),

7
directrix is y = 5 p= 4, and

parabola opens down since a < 0.
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49.

50.

51.

52.

1
Note, y = ZxQ + 5 is of the form

y=a(r—h)>+k Soh=0, k=05, and
1
4p
vertex is (h,k) = (0,5), focus is (0,5 + p) =
(0,6), directrix is y = 5 — p = 4 and parabola
opens up since a > 0.

=a=7 from which we have p = 1. The

1
Note, y = —gazz — 6 is of the form

y=a(r —h)>+k. Soh=0,k=—6, and
1
dp
p = —2. The vertex is (h, k) = (0, —6),
focus is (0,—6 + p) = (0, —8),
directrix is y = —6 —p = —4 and
parabola opens down since a < 0.

=a= —3 from which we have

From the given focus and directrix, one
1

finds p=1/4. Soa = e 1, vertex is
p

(h, k) = (1/2,-2—p) = (1/2,-9/4),

axis of symmetry is x = 1/2, and parabola

. ) \? 9
is given by y = a(z —h)*+k = z-35) ~ 7

1
IfyzOthenx—f::t§ orx =2,—1.
2 2
The z-intercepts are (2,0), (—1,0).

If x =0 th —<0 1>2 9 _ 2 and
T = en y = 5 1= an

y-intercept is (0, —2).

From the given focus and directrix one
1
finds p=1/4. So a = —
nds p=1/4. So a ™
(h,k)=(1,-35/4 —p) = (1,-9),
axis of symmetry is z = 1, and parabola
is given by y = a(x — h)? + k= (x — 1)2 - 9.

=1, vertex is

53.

54.

CHAPTER 10 THE CONIC SECTIONS

Ify=0thenz —1=43 or x =4, -2.
x-intercepts are (4,0), (—2,0).
Ifr=0theny=(0—-1)2-9=-8and
y-intercept is (0, —8).

From the given focus and directrix one

1
finds p=—1/4. Soa = P —1, vertex is
P

(h, k) = (=1/2,6 —p) = (—1/2,25/4),

axis of symmetry is x = —1/2, and parabola
is given by
1\? 25
y_a(w_h)2+k__<l'+2) +Z

1 5
IfyzOthenx+§::|:§orx:—3,2.

The z-intercepts are (—3,0), (2,0).
2

1 25
z =0 then y (0 + 2) 1 6

and y-intercept is (0, 6).

y

From the given focus and directrix one
1

finds p=—1/4. Soa = P —1, vertex is
D

(h7 k) = (_1735/4 _p) = (_1’9)5

axis of symmetry is z = —1, and parabola
is given by y = a(x — h)?> + k= —(z +1)? +9.

Ify=0thenz+1=43orx =2,—4.
The z-intercepts are (2,0), (—4,0).

If r=0then y=—(0+1)2+9 =8 and
y-intercept is (0, 8).
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10.1 THE PARABOLA

55.

56.

57.

1
Since §(x+2)2—|—2 is of the form a(x —h)% +k,

vertex is (h, k) = (—2,2) and axis of symmetry
1

isz=-2. Ify=0then0 = 5(3:—1—2)2—&—2; this

has no solution since left-hand side is always

positive. No z-intercept. If x = 0 then

1
y = 5(0 +2)2 + 2 = 4. y-intercept is (0,4).

Since é(:c—4)2+ 1 is of the form a(z — h)% +k,

vertex is (h, k) = (4,1) and axis of symmetry

iszx=4. If y =0 then 0 = %(x—4)2+1;

this has no solution since right-hand side is

always positive. No z-intercept. If 2 = 0 then

y = %(0 —4)?2 +1 = 9. y-intercept is (0,9).
1

1 1
Since @ =a=5,p=3, focus is (h, k +p) =

(4,3/2), and directrix isy =k —p = 1/2.

1
Since —Z(az+4)2—i—2 is of the form a(z—h)?+k,

vertex is (h, k) = (—4,2) and axis of symmetry

58.

59.

657

is x = —4. If y = 0 then

1
+V8.
z-intercepts are (—4 #+2v/2,0). If 2 = 0, then

r+4 =

1
y = —1(0 +4)% + 2 = —2. The y-intercept is
1
= —— e —1
a 47 p )
focus is (h,k + p) = (—4,1), and directrix is
y=k—p=3.

1
0,—-2). Si —
(0,-2) 1nce4p

1
Since —Z(w—2)2—|—4 is of the form a(z—h)?+k,
vertex is (h, k) = (2,4) and axis of symmetry
isx = 2. If y =0, then

La-2? = 4

4
+/16.

x-intercepts are (6,0), (—2,0). If x = 0, then

r—2 =

1
y = —=(0—2)? + 4 = 3. y-intercept is (0,3).

4
1 1
Since @ =a= - p = —1, focus is

(h,k+p) =(2,3), and directrix isy = k—p =
Sory=>o.

1
Since 5562 — 2 is of the form a(x — h)% + k,

vertex is (h, k) = (0, —2) and axis of symmetry
isx =0. If y =0, then
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658 CHAPTER 10 THE CONIC SECTIONS

z-intercepts are (£2,0). If x = 0 then

1
y = 5(0)2—2 = —2. The y-intercept is (0, —2).
Since — ! 1/2, focus i
ince —=a=-,p= ocus is
4p 27 p )

(h,k+p) = (0,-3/2), and directrix is

y=k—p=-5/2. 62. Since y = (z —4)? is of the form a(x — h)% +k,
y vertex is (h, k) = (4,0) and axis of symmetry

isx = 4. If y = 0 then (z — 4)? = 0 and z-

intercept is (4,0). If z = 0 then y = (0—4)? =
1

16 and y-intercept is (0, 16). Since 0= 1,
P

p = 1/4, focus is (h,k + p) = (4,1/4), and
directrix isy =k —p=—1/4.

1
60. Since —Z:UQ + 4 is of the form a(x — h)? + k,

(0,4) and axis of symmetry

vertex is (h, k) =
= 0 then

isx=0.Ify
1
11172 = 4
2~ 16 63. By completing the square, we obtain
‘ 1
y=-(z—3/2)* - 3/4.
x-intercepts are (+4,0). If x = 0 then 3
1 Vertex is (h, k) = (3/2,—3/4) and axis of
y = —1(0)2 + 4 = 4. The y-intercept is (0,4). symmetry is z = 3/2. If y = 0, then
.1 1 foews | 1 < 3)2 3
—_— = = —— = — — xr — — = —_
Since . a 7 P 1, focus is 3 5 1
o 3\?2 9
(h,k+p) = (0,3), and directrix isy =k —p = (a: _ ) - 2
5ory=>. 2 4
3 . 3
y
= Sx:
T 27
° z-intercepts are (3,0),(0,0). If x = 0, then
1 3\* 3
Yy = 3 (0— 2) — 1= 0 and y-intercept is
3 1
*\ (0,0). Since — =a=1/3, p=3/4, focus
P
61. Since y = (z —2)? is of the form a(z — h)? +k, is (h, k +p) = (3/2,0), and directrix is

vertex is (h, k) = (2,0), and axis of symmetry y=k-—p=-3/20ry=-3/2
isx = 2. If y = 0 then (z —2)? = 0 and z- !
intercept is (2,0). If x = 0 then y = (0—2)% =

4 and y-intercept is (0,4). Since i 1,
4

p = 1/4, focus is (h,k + p) = (2,1/4), and
directrix isy = k — p = —1/4.
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64.

65.

66.

By completing the square, we obtain

yzém+5mﬁ—5m.

Vertex is (h,k) = (—=5/2,—5/4) and axis of

symmetry is z = —5/2. If y = 0, then

1( %_5>2 5
— €T — e —
5 2 4
( +_5)2 25
T+ = = —
2 4

5 5

= —— 4=

. 272

x-intercepts are (—5,0),(0,0). If x = 0 then

1 5\? 5
y = = (0 + 2) 1 = 0 and y-intercept is

1
(0,0). Since ” =a=1/5,p=>5/4, focus is
(h,k +p) =(—5/2,0), and directrix is
y=k—pory=-5/2.

Since x = —y? is of the form x = a(y —h)? +k,
vertex is (k,h) = (0,0) and axis of symmetry
isy=0. Ify =0 then x = —0% = 0 and 2-
intercept is (0,0). If z = 0 then 0 = —y? and

y-intercept is (0,0). Since — =a = —1,

4p
p = —1/4, focus is (k +p,h) = (—1/4,0), and
directrix is x = k —p = 1/4.

y

Since x = 3% — 2 is of the form

r=aly—h)?+Fk,

67.

68.

659

the vertex is (k,h) = (—2,0) and axis of sym-
metry is y = 0. If y = 0 then z = 0> —2 = —2
and z-intercept is (—2,0). If z = 0 then y? = 2
and y-intercepts are (0, iﬂ)

1
Since — =a =1, we get p=1/4,
4p

focus is (k +p,h) = (—7/4,0), and
directrix is z = k —p = —9/4.

1
Since z = —Zy2 + 1 is of the form

‘/E:a(y_h’)2+ka

vertex is (k,h) = (1,0) and axis of symmetry
isy =0. If y =0 then x = 1 and z-intercept

1
is (1,0). If x = 0 then ZyQ =1, y> = 4,
1
and y-intercepts are (0,42). Since il
D

1
_Z’ p = —]_, focus is (k‘ —l—p, h) - (070)’ and

directrixisz =k —p=2or z = 2.
y

1
Since x = §(y —1)2 is of the form

r=a(y—h)?+k,

vertex is (k,h) = (0,1) and axis of symmetry

1 1
isy=1. Ify:Othena::§(—1)2:§andac—

1
intercept is (1/2,0). If x = 0 then i(y —1)?2 =
1
0, y = 1, and y-intercept is (0,1). Since P
P
1
a=—,p=1/2 focusis (k+p,h) = (1/2,1),

2
and directrix is x =k —p = —1/2.
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69.

70.

By completing the square, we obtain
x=(y+1/2)* —25/4.

Vertex is (k,h) = (—25/4,—1/2) and axis of
symmetry is y = —1/2. If y = 0, then z =
1/4 — 25/4 = —6. The z-intercept is (—6,0).
If x =0, then

oty - %
yTo) T 1
1 5
= - 42
y 279
y = 2,-3.

1
y-intercepts are (0, 2), (0, —3). Since ==
14

1, p = 1/4, focus is (k + p,h) = (—6,—1/2),
and directrix is x = k —p = —13/2.

y

I
I
5]
I
I

By completing the square, z = (y+1/2)%2—9/4.
Vertex is (k,h) = (—9/4,—1/2) and axis of
symmetry is y = —1/2. If y = 0 then z =
1/4—9/4 = —2. The z-intercept is (—2,0). If
x = 0, then

1
y-intercepts are (0, 1), (0, —2). Since ==
14

1, p = 1/4, focus is (k +p,h) = (—-2,-1/2),
and directrix is x = k —p = —5/2.

71.

72.

CHAPTER 10 THE CONIC SECTIONS

By completing the square, we get
1 2
x:—i(y—l—l) —7/2

Vertex is (k,h) = (—=7/2,—1) and axis of
symmetry is y = —1. If y = 0, then

x = —1/2 —7/2 = —4. The z-intercept is
(—4,0). If x =0, then

1
0=—§@+DZ—W2<0

which is inconsistent and so there is no y-
1

intercept. Since il -1/2, p = —1/2,
p

focus is (k +p, h) = (—4,—1), and directrix is
r=k—p=-3.

By completing the square, we find

1
x = —§(y —3)% +17/2.
Vertex is (k, h) = (17/2,3) and axis of symme-
1
tryisy=3. If y =0, thenx:—g—I—gzél

The z-intercept is (4,0). If x = 0, then

1 ) 17
5(.@—3) Y
(y—3)? = 17
y = 3+17.

1
y-intercepts are (0,3 £ +/17). Since L =0=
P

1 1
_57 p= _57 fOCU_S is (k‘I‘p, h) = (8,3), and

directrix isz =k —p =09.
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10.1 THE PARABOLA

73.

74.

Since x = 2(y — 1) + 3 is of the form
a(y—h)?+k, we find that the vertex is (k, h) =
(3,1) and axis of symmetry isy =1. If y =0
then * = 2(—1)?2 + 3 = 5 and z-intercept is
(5,0). If x = 0, we obtain 2(y — 1)2+3 =0
which is inconsistent since the left-hand side is
always positive. No y-intercept.

1
Since 0= 2,p=1/8, focusis (k+p,h) =
p

(25/8,1), and directrix is ¢ = k —p = 23/8.

I
I
I
P
I

Since x = 3(y + 1)? — 2 is of the form

a(y — h)? + k, vertex is (k,h) = (—2,—1) and
axis of symmetry is y = —1. If y = 0, then
r = 3(1)2 — 2 = 1 and a-intercept is (1,0). If
x = 0, then

2
1)? = =
(y+1) 3

V6

= —-1£—.

Y 3
6
y-intercepts are [ 0,—1 =+ \3[ Since i

a = 3, p = 1/12, focus is (k + p,h)
(—23/12,—1), and directrix is x = k —p =
—925/12.

y

I X

75.

76.

e

661

1
Since z = —§(y +2)% 4+ 1 is of the form
a(y — h)? + k, vertex is (k,h) = (1,—2) and
axis of symmetry is y = —2. If y = 0, then

1
x = —5(2)2 + 1 = —1 and z-intercept

is (—1,0). If z = 0, then

(y+2? = 1
(y+2? = 2
—2+ /2.

1
The y-intercepts are (0, —2++1/2). Since Y
P

1 1
a=—g, we find p = —5 focus is (k+p,h) =
(1/2,—-2), and directrix is x = k — p = 3/2.

1
Since = = —Z(y —2)% — 1 is of the form

a(y — h)? + k, vertex is (k,h) = (—1,2) and
axis of symmetry is y = 2. If y = 0, then
r = —-(=2)? =1 = —2 and z-intercept is

4
1
(=2,0). Ifz =0, then 0 = —(y — 2)? — 1
which is inconsistent, since the right-hand side

: . . . 1
is always negative. No y-intercept. Since yrle
p

1
a= 7 wegetp= —1, focus is (k + p,h) =

—2,2), and directrix is x = k — p = 0.

x=0

Since focus is 1 unit above the vertex (1,4), we

4

1
is given by y = 1(3} —1)2 44

1 1
obtain p = 1. Then a = Yl and parabola
p
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78

79.

80.

81.

82.

83.

. Since vertex (2,3) is 2 units below the
directrix, p = —2 and parabola opens down.

1
Then a = — = —— and parabola is
4p 8

1
given by y = —é(x —2)24+3.
Since vertex (0,0) is 2 units to the right
of the directrix, we find p = 2 and parabola

1
— = — and
p 8

L
gV

Since the focus is 1/4 unit to the right
of the vertex (—9/4,3), we obtain p = 1/4.

opens to the right. Then a =

the parabola is given by x =

1
Thus, a = Yl 1 and the parabola
D

=}

is given by z = (y — 3) 1

Since the parabola opens up, p = 55(12)

inches, and the vertex is (0,0). Note,
1

» = 560" Thus, the parabola is given

by y 22, Thickness at the outside

= 2640

1
is 23+ ——(100)% ~ 26.8 in.
edge is 3+2640( 00) 6.8 in

Since the parabola opens up, we find p = 6 in.

1 1
and the vertex is (0,0). Note, ™ =50

1
The parabola is given by y = ﬂag and the
depth of the shield is

1 (18.75
Y= 54

2
2) ~ 3.66 in.

y = 22 has vertex (0,0) and opens up. The
second parabola can be written as

y=2z—-1)2+3

and its vertex is (1,3). In the given viewing
window these graphs look alike.

CHAPTER 10 THE CONIC SECTIONS

3
u
1113

84. Note, y = 322 + 30x + 71 = 3(z + 5)% — 4.
The vertex is (—5, —4). Two viewing windows

,—4<y<8and
7_4§y§_1

-3
4

85. Two functions are fi(z) = +/—=z
and fo(z) = —v/—x where z < 0.

86. Graph of x = —y?

V3 V6+V3 _ VI8+3
V6-v3 V6+Vv3 3
3\/§3+3:\/§+1

89.

90. 2 4 3 _
r+5 x—-5 a2
2-2%(x —5)+x-2%(x +5) —3(x+5)(z —5)

22(x — 5)(x +5) -
ot + 723 — 1322 + 75
22(x —5)(x+5)
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10.1 THE PARABOLA

91.

9 — 15 A n B
(x—-3)(x+3) -3 x+3

9z — 15 = A(x+3)+ B(zx —3)
If x = 3 in the above equation, we find

12 = 64
2 = A
Likewise, if x = —3 then
—42 = —6B
7T = B
The partial fraction decomposition is

2 n 7
r—3 x+3

92. Solve for y:

x = logs(y—1)+6
£ 6 = logs(y—1)
5041 = g,

The inverse function is
fHx) =5"""+ 1.
93. Use the method of completing the square.
2 4
f(z) = 3=z — 3% +7
4 4 4
flz) = 3(952—95—1-) +7— <

3 9 3
2

94. If we multiply the second equation by —5 and
add to the third equation, we obtain

—br+ 15y — 5z = 50
2y +5z = 50

100

-5z + 1Ty

663

If we add first equation 5z + 7y = 20 to the
above equation, we find

24y = 120
y = 95

Then substitute back as follows:

5¢+7(5) = 20
S5z = —15
r = -3

Likewise,

2(5)+5z = 50
5z = 40
z = 8

Hence, the solution set is {—3, 5, 8}.

Thinking Outside the Box LXXXVII

Let r be the radius of the pipe that is placed on
top of two pipes with radii 2 ft and 3 ft. Draw
a triangle with vertices at the center of the three
circles (cross section of the pipes). Let 6 be the
angle of the triangle at the center of the circle with
radius 2 ft. Using the Law of Cosines, we obtain

(r+32 =52+ (r+22—-25)r+2)cosé.
Solving for r, we find

~ 10(1 — cos 0)
~ B5cosf+1
Note, the angle between the side of the triangle

joining the centers of the circle with radii 2 ft and
3 ft and the horizontal is cos™'(1/24/5). Since the
top circle is tangent to the circle with radius 3 feet,
6 must lie in the interval

T_ cos 1 (v24/5)| .

0
"2

The maximum of r occurs at the right endpoint of
the above closed interval. That is, the maximum
radius is

_ 10(1 —cosf)  10(1 —1/5)

= =4 ft.
5cosf + 1 5(1/5) + 1
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10.1 Pop Quiz

1. Since the vertex is equidistant from (0, 3) and
y = 1, the vertex is (0,2) and p = 1. Usingy =

1
4—(3: — h)? + k, the equation of the parabola
p

1
isy:ZxQ—FQ.

1
2. Comparing y = —E(a: —2)? + 3 with

1
Y= 4—(:5 — h)? + k, we obtain that p = —4

p
and the vertex is (2,3). Moreover, the focus is
(h,k + p) = (2,—1) and the directrix
isy=k—p=T.

3. Since z = (y —2)%? — 1, the vertex is (—1,2) and
the axis of symmetry is y = 2. If y = 0, then
x =4 —1 =3 and the z-intercept is (3,0). If
x =0, then (y —2)2=1ory =21 and the
y-intercepts are (0,1) and (0, 3).

Note, p = 1/4. Then the focus is (h + p, k) =
(—3/4,2) and the directrix is © = h —p =
—5/4.

10.1 Linking Concepts

a) Substitute y = 22 into y = m(x — 3) + 9
and solve for m. Then
22 = mz+9—3m

> —mr+3m—-9) = 0.

If there is exactly one solution for x then the
discriminant b?> — 4ac must be zero. Thus,

m? —4(3m —9) =
m?>—12m +36 =
(m—6)> =

The value is m = 6.

b) Sketched are the graphs of y = z? and
y = 6z — 9. They intersect at the point (3,9).

CHAPTER 10 THE CONIC SECTIONS

20t

P
c) The other line is z = 3 and this line has no

slope. It did not appear in part a) since z = 3
cannot be expressed in the form y = mx + b.

d) Substitute y = 22 into y — y1 = m(x — 1) and
solve for m. Then

22—y = mz—mx)

22 —mx 4+ (mxy —y1) = 0

? —mx + (mry —2t) =

If there is exactly one solution for z, then the
discriminant b?> — 4ac must be zero. Thus,
m? — 4(mxy —23) =
4a? — dmzy +m? =
(22, —m)? =
The value of the slope at (z1,y1) is m = 2x;.

e) Since the slope at the point (—2.5,6.25) is
m = 2z1 = —5, by using part d), an equation
of the tangent line at the same point is
y = —dx — 6.25.

For Thought

1. False, y-intercepts are (£3,0).

2
x
2. True, since it can be written as —— + y? = 1.

1/2
3. True, length of the major axis is 2a = 2(5) = 10.
1
4. True, if y = 0 then 22 = 05 = 2 and
x = +V2.

5. True, if 2 = 0 then 3?> = 3 and y = +V/3.
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10.2 THE ELLIPSE AND THE CIRCLE 665

6. False, the center is not a point on the circle. 11. Since ¢ =4 and a = 5, we find
, , V=a>—c*=25-16=9 and b= 3.
7. True 8. False, (3,—1) satisfies equation. 9 9
o ¢yt

9. False. No point satisfies the equation since Ellipse is given by 25 + 9 L

the left-hand side is always positive. Y
10. False, since the circle can be written as

(2~ 2) + (y+ 1/2)% = 53/4 and 50 RN

the radius is v/53/2. " °
10.2 Exercises
1. ellipse 12. Since ¢ =1 and a = 3,

. . ¥=a>-c2=9—-1=8and b= 8.
2. major axis ) )
. . T Y
3. circle Ellipse is given by r + 3= 1.
y

4. eccentricity
5. Foci (++/5,0), vertices (43, 0), center (0,0) ‘.
6. Foci (0,4+/21), vertices (0,+5), center (0,0) ‘v
7. Foci (2,1 £ /5), vertices (2,4) and (2, —2),

center (2,1)
13. Since ¢ = 2 and b = 2, we obtain

8. Foci (—1 ++/7,2), vertices (—5,2) and (3, 2), 2=b+2=4+4=28and a =3
center (—1,2) 22 g
9. Since ¢ =2 and b = 3, we get Ellipse is given by 4 + 8 L
a2=0+c2=9+4=13 and a = V13.
2 2
Ellipse is given by — + LA

13 9

IN
<
<
w
x

14. Since ¢ =6 and b = 2,
a’> =b>+c* =4+ 36 =40 and b = /40.

L 2 P
10. Since ¢ =3 and b =4, Ellipse is given by1+@_l'
a?=b+c=164+9=25and a = 5.

22 2
Ellipse is given by % + 6= 1.

<
~
<
w
<
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15. Since ¢ = 4 and a = 7, we obtain 19. Since ¢ = Va2 — b2 = /36 — 9 = /27,
b =a?—-c?=49—16 =33 and b = v/33. the foci are (0, £3/3)
22 2
Elli is gi —+==1
ipse is given by 33 + 19

y
8
II 20. Since c = Va2 — b2 =+/4—1=+/3,

the foci are (0, £+/3)

~
<
x

16. Since ¢ = 3 and a = 4, we find y
BR=a?2-c2=16—-9=7and b= 7. 3
2 2
Ellipse is given by 1:7 +31L6 =1 T

y

5
3
) 21. Since ¢ = Va2 — b2 = /25 — 1 = /24,

j the foci are (j:2\/€, 0)
y
:
17. Since ¢ = Va2 — b2 = /16 — 4 = 2V/3, S a1
the foci are (£2v/3,0) °
y
8 22. Since ¢ = Va2 — b2 = /10 — 6 = /4,
EYN X the foci are (0, £2)

N ¥

18. Since ¢ = Va? — b = /16 — 9 = /7,
the foci are (£/7,0)

y

IN
<
w
x

23. Since ¢ = Va2 — b2 = /25 — 9 = /16,

/:\ the foci are (0, £4)
N

y
3/ 5
6
‘v |

e
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10.2 THE ELLIPSE AND THE CIRCLE 667

24. Since ¢ = Va2 — b2 =+/9—4 = /5,

22 2
28. F — 4+ = =1, finds ¢ = 2 2
the foci are (0, +£+/5) rom o=+ g one finds ¢ = va
! = /25 —9 = /16 and foci are (+4,0).
4 y

N
A SS,

2
25. From 22 + % =1, one finds ¢ =

a2 — 12 29. Since ¢ = Va2 — b2 = \/16—9—\ﬁ
the foci are (1 £¢,—3) = (1 4+ /7, -3).
=9 —1 = +/8 and foci are (0, i2\/§).
y
4
U=
30. Since ¢ = Va2 — b2 =+/16 — 4 = /12,
2 the foci are (—2+¢,—1) = (— 2:&2\/3,—1).
26. Fromzﬁ—gf:l, one finds ¢ = va? — b2

=4 —1=+/3 and foci are (£v/3,0).

y

3
2,,
k_y 3 31. Since ¢ = Va2 — b2 = /25 — 9 = V16 = 4,
the foci are (3, -2 £ ¢), or (3,2) and (3, —6).
22 2
27. From §+Z =1, one finds ¢ = Va2 — b2

=1/9 —4 = /5 and foci are (+£/5,0).
y

3l 32. Since c = Va2 — b2 =9 — 1 =38,

the foci are
CD x (5,3+¢) = (5,3 +£2V2).
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42
M—I—(y—l—?))Q:l, we get

33. Si
ince ~—¢

c=vVa2—-b2=36-1=+35

and the foci are

(—4 435, -3).

(z-1?*  (y+3)?
4 * 9
c=vVa2 -2 =9 —4=1/5.

The foci are (1, -3 4 /5).

34. Since

=1, we get

35. If one applies the method of completing the
square, one obtains

9(@? — 20+ 1) +4(y* +4y+4) = 11+9+16
9(x—1)? +4(y+2)? = 36
(z-1)?  (y+2)?

= 1.
4 + 9

From a? = b? + ¢? with @ = 3 and b = 2, one
finds ¢ = v/5. The foci are (1,-24/5) and a
sketch of the ellipse is given.

y

71-\ + X

1

NG

36.

37.

38.

CHAPTER 10 THE CONIC SECTIONS

If one applies the method of completing the
square, one obtains

4z +dz+4)+ (P —6y+9) = —21+16+9

4z +2*+(y—3)?2 = 4

—3)2

(z+2)2 + (y4) - 1
From a? = b? + ¢® with ¢ = 2 and b = 1, one
finds ¢ = v/3. The foci are (—2,3 +/3) and a
sketch of the ellipse is given.

y

Applying the method of completing the
square, we find

9(x? —6x+9) +4(y* +4y+4) = —61+81+16
9z —3)2+4(y+2)? = 36
(-3 (y+2?° _ 1
4 9 ’

From a? = b* + ¢® with a = 3 and b = 2, we
find ¢ = v/5. The foci are (3, -2+ 1/5) and a
sketch of the ellipse is given.

y

N

1 3 5

-5

Applying the method of completing the
square, we find

—25+ 225+ 25
225

9(z”® + 10z + 25) + 25(y — 2y + 1)
9(z +5)% +25(y — 1)?

52 _12

(z+5) +(y )

= 1
25 9
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10.2 THE ELLIPSE AND THE CIRCLE

39.

40.

41.

42.

43.

45.

46.

47.

48.

49.

From a? = b? + ¢ with @ = 5 and b = 3, we
find ¢ = 4. The foci are (—b=+c, 1), i.e., (—1,1)
and (—9,1) are the foci. A sketch of the ellipse
is given.

2 2

Slnceﬁ—k——l we get ¢ =

= /16 — 4 = V/12, and the foci are (+2v/3,0).

a2 — b2

2 2

Slnce%+2—5—1 we find ¢ = va? — b2

= /25— 9 = /16, and the foci are (0, +4).
1)2 2)2

Since (z+1) + (y—li_ﬁ ) =1, we get

c=+va?—-b2 = /16 —4 = /12, and the foci

are (—1,—2 4 2V/3).

C@—2? (1)

Since 16 + 9 , C a

= /16 — 9 = /7. The foci are (Zi\ﬁ,—l).
2> +y’=4 44. 2°4+4>=5

Since r = /(4 — 0)2 + (5 — 0)2 = V41,
the circle is given by z? + y? = 41.

Since r = /(=3 — 0)2 4 (—4 — 0)2 = /25,
the circle is given by z2 + y? = 25.

+ (1+3)%2 = v/20,

Since r = /(4 — 2)2

the circle is given by (z —2)2 + (y + 3)% = 20.

Since r = /(1 +2)2 + (—1+4)? = V18,

the circle is given by (x +2)? + (y + 4)% = 18.
3—1 442

Since center is (2, ;—) = (1,3) and

=/(3-1)2+ (4 —3)2 = /5, the circle
is given by (z — 1) + (y — 3)? = 5.

50. Since the center is

<3_24 _12+2> B (_

1 1)
272

669

1\2 1\2 29
andr—\/<3+2> +<—1—2> =\

the circle is given by

(e+3) +(-3) -3
Ty Yy=3) — o

) radius 10
52. center (0,0) radius 5

N
NI

53. center (1,2)

D

51. center (0,

, radius 2

W
N S

54. center (—2,3), radius 3

y
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55.

56.

57.

58.

59.

60.

61.

center (—2, —2), radius /8 or 2v/2
y

center (0, 3), radius 3

y
7

Completing the square, we obtain

2+ (P42 +1) = 8+1
2+ (y+1)?2 = 9

The center is (0, —1) with radius 3.
Completing the square, we get

(2®—6x+9)+y* = 1+9
(z—3)2+y*> = 10.

The center is (3,0) with radius v/10.
Completing the square, we find

22 +8x+16+1y>—10y+25 = 16+25
(z+4)*+(y—5)? = 4l

The center is (—4,5) with radius v/41.
Completing the square, we get

22— 1224+ 36 43>+ 12y +36 = 36+ 36
(x—6)*+(y+6)?> = 72

The center is (6, —6) with radius v/72 or 6v/2.
Completing the square, we find

(> +4z+4)+y* = 5+4
(z+2)2+y* = 0.

The center is (—2,0) with radius 3.

62.

63.

64.

65.

66.

67.

68.

CHAPTER 10 THE CONIC SECTIONS

Completing the square, we obtain
2+ (P —6y+9) = 0+9

2?4+ (y—-3)?% = 9.

The center is (0, 3) with radius 3.

Completing the square, we have

s bl ) 11

" —x+ - - = —4+-+-
4Ty YTy 2747

(x—1/2)* + (y+1/2)* = 1.

The center is (0.5, —0.5) with radius 1.

Completing the square, we find
25 9

25 9 1

2 20 o 2 _ 4, 9

m+5m+4+y+3y+4 2—1-4—1-4
(x+5/2)%+ (y+3/2)?* = 9.

The center is (—5/2,—3/2) with radius 3.

Completing the square, we get

PEITRCAE S SRR I
37TV T3V T3 T 9797 36
(x+1/3)%+ (y+1/6)> = 1/4.

The center is (—1/3,—1/6) with radius 1/2.

Completing the square, we obtain

U LY I S
2" "1 Y T2V 16 T 8716 16
(z+1/4)*+ (y+1/4)* = 1/4.

The center is (—1/4,—1/4) with radius 1/2.
Divide equation by 2 and complete the square.
42+t = 1/2
(2422 +1)+4% = 1/2+1
(@ +1)°+y* = 3/2

V6

3
—or —.

The center is (—1,0) with radius 5

Completing the square, we find

g 3.9 9
2 16 16

9

16"

The center is (0,3/4) with radius 3/4.

22+ (y—3/4)?% =
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69.

70.

71.

72.

73.

74.

Completing the square, we get
v —y+at =

1
y2—y+1+x2 =

(y—1/2%+2* =

I S

which is a circle.
Completing the square, we obtain

2 —dr+y? = 0
2 —dr+44+92 = 4
(x—2°+y" = 4
and which is a circle.
Divide equation by 4.
2 +37 =1
2
2, Y _
x° + 1/3

This is an ellipse.

Divide equation by 2 and complete the square.

1
x2+y2+§y = 2
11 1
Py oyt — = 2+ —

27 " 16 16
24+ (y+1/4)% = 33/16

This is a circle.

Solve for y and complete the square.
= 2% —dx+4

= —2(z?+2x)+4

= 22 +2r+1)+4+2
= 2(x+1)*+6

e e w

We find a parabola.
Completing the square, we obtain

20 + 4yt +y = 4

11 65
90r2 4+ 4 (42 + = ) _ B
S (y MCRE 16
22 (y—l—1/8)2 )
65/32 " 65/64 ‘

This is an ellipse.

75.

76.

7.

78.

79.

80.

81.

671

Note, (y—2)? = (2 —y)2. Then we solve for z.

(y—2)?
—(y—2)*+2

2—z =
€T =
This is a parabola.

Note, (z — 3)? = (3 — x)2. Solving for y, we
find

3(x—3)° =
y =

99—y
—3(z—3)2+9
which is a parabola.

Simplify and note (z —4)% = (4 — )2,

20z —4)2 = 4—y?
20z —4)2 +4* = 4

A2 2
M_i_yi = 1

2 4

We find an ellipse.

Multiply given equation by 4 to get the circle
given by 2% + 1% = 4.

Divide given equation by 9 to get the circle

1
given by 22 +y? = 9

Solve for y.
922 -1 =
y =
We have a parabola.

From the foci, we obtain ¢ = 2 and
a’® = b + ¢ = b? + 4. Equation of the

2 y27

Prd
Substitute z = 2 and y = 3.

40
24+4 b2
402 +9(b* +4) =
0 pu—

O =

ellipse is of the form

b2 (0% + 4)
bt — 9b? — 36
(b? — 12)(b% + 3)

Sob? =12 and a? =12+ 4 = 16.

. 2?2
T 11 is gi by — + = =1.
e ellipse is given by 16 + 12
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82.

83.

84.

85.

86.

1
Sincec:5ande:f:5:7,weget
2 a

a
1 5
— = — and so a = 10.
2 a
Since b = a? — ¢ = 100 — 25 = 75, the

2 2
1li is gi by — + = =1
ellipse 1s given by 100 + =
If ¢ is the distance between the center and fo-
cus (0,0) then the other focus is (2¢,0). Since
the distance between the x-intercepts is 6+ 2c,
which is also the length of the major axis, then
6 + 2¢c = 2a. Since 2a is the sum of the dis-
tances of (0,5) from the foci,

54+vV2544c2 = 2a

54+V25+4¢2 = 6+ 2c
V25 +4c2 = 142
25 +4c® = 1+4c+4c?
24 = 4¢
6 = c

The other focus is (2¢,0) = (12,0).

The amount of string needed is 12 ft. From
the lengths of the major and minor axes one
finds 2a = 12 and b = 4. So ¢ = Va2 —b? =
V62 — 42 = 24/5. The foci are located at 21/5

units from the center of the board.

Since the sun is a focus of the elliptical orbit,
the length of the major axis is 2a = 521 (the
sum of the shortest distance, P = 1 AU, and
longest distance, A = 520 AU, between the
orbit and the sun, respectively). In addition,
¢ = 259.5 AU (which is the distance from the
center to a focus). The eccentricity is given

¢ 259.5 . L
by e = == 2605 .996 . Orbit’s equation is
2 2
v
260.52 520

Assume the center of the elliptical orbit is
405,500 — 363,300

(0,0). So ¢ 5 = 21,100
and a = 21,100 + 363, 300 = 384, 400.
c 21,100
Th icity ise = — = — ~ 0.
e eccentricity is e o = 384,400 0.055

87.

88.

89.

CHAPTER 10 THE CONIC SECTIONS

If 2a is the sum of the distances from Haley’s
comet to the two foci and ¢ is the distance
from the sun to the center of the ellipse then,
c=a—8x10".
Since 0.97 = c¢/a, we get
—8x 107
0.97=2"°"""

and the solution of this equation is

a = 2.667 x 10°. So ¢ = a(0.97) ~ 2.587 x 10°.
The maximum distance from the sun is
c+a=~5.25x 10° km.

Since 6.5% = 42.25, an equation for the
boundary of the 13-inch mag wheel is

(x —6.5)% + (y — 6.5)% = 42.25.

One can let (h,8) be the center of the 16-inch
mag wheel. Since distance between the centers
of the two wheels is 14.5 inches, we obtain

(h —6.5)* + 1.5 = 14.5%
(h —13/2)> = 208
1
h = ?3 + /208

h = gill\/ﬁ
13+ 813

h =
2

The other wheel is given by
2
1 V1
(m—3+28 3) + (y — 8)% = 64.

Solving for y, one finds
> = 6360 — 22
y = +V6360%— 22

A sketch of the circle is given.
y

4000+

4000

ol
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10.2 THE ELLIPSE AND THE CIRCLE 673

: 2 2
90. Solving for y, one finds 92. From ;—5 + % =1, one finds that the foci
2 2
_¥yY _ _ - (z-5)° are at A(4,0) and B(—4,0). Moreover,
6734.9982 67352 5
x
—5)2 y>=9|1— == |. Suppose (z,y) is a point on
y? = 6734.998 (1 - (“367352)> ( 25 ()
the ellipse whose distance from B is twice the
(z — 5)2 distance from A. Then
y = =4,]6734.9982 (1 — 2)
6735 2/ (z =42 +1y? = \J(z+4)2+?
A sketch of the elliptical orbit is shown. The 4((z — 4)2 + 3/2) = (z+ 4)2 +y°
eccentricity of the orbit is —— = 0.0008.
y 673 Mo— 2P — (@ + 7+ 37 =
322 — 40z + 48 + 3y° =
72
4000{ 3% — 40z + 48 + 27 -5 =0
w00 | 752% — 1000z + 1200 + 675 — 272 = 0
487% — 1000z + 1875 = 0.
2 75
Solving for x, one finds z = 2 and z = R
91. the second value must be excluded since it is
. o 25 .
a) As derived below, an equation of the out of the domain. Substituting z = T2 into
tangent line is given b,
& & Y ) z? , V119
1T Yy y*=9|1— — |, one obtains y = £——.
oy Jld 1 25 4
a? b2
5 By the symmetry of the ellipse, there are four
—dw + 5Y = 1 points that are twice as far from one focus as
25 9 they are from the other focus.
1 4x
Zy = — 25 /119
5y L+ 25 Namely, these points are | £—, =—— |.
iz 127 4
y = —+9.
5 93. A parabolic reflector is preferable since
b) The tangent line and the ellipse intersect otherwise one would have to place the moving

9 quarterback on one focus of the ellipse.
at the point (—4, 5) as shown.

y 94. If (z,y) is any point on the ellipse and the sum
of the distances from the two foci (%c, 0) is 2a,

then

9/57\ V@ —e2+ 2+ (@t 02 +42 =2a.

+ + X

& ;j Simplify the inside of the radical and
transpose a term to the right-hand side. So

\/:c2 —2zc+ 2+ y2 = 2a—\/:c2 + 2cx + 2 + y2.
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95.

96.

Squaring both sides, we get

22 —2xc+c?+yt =

4a®—4a/22 + 2cx + 2 + 22>+ 2ca+c2 442
Cancel like terms and simplify.

—4ze—4a® = —4a\/x2 +2cx + ¢ + y?

a\/x2—|—20x+02+y2
a? (2% + 2cx + 2 +9?)
a2($2+y2+02>
.%‘2(&2 —62) +a2y2

xc—l—a2 =

22 + 2zca® + ot =
z2c? + ot =
ad— a2 =

Let b2 = a® — 2. So a?b? = 22b? + a’y? and

2 P ) . . .

) + 2= 1 is an ellipse with foci (%c,0).

If (z,y) is any point on the ellipse and the sum

of the distances from the two foci (0, £c¢) is 2a,
then

\/:z:2+(y—c)2+ 2+ (y +¢)? = 2a.

Simplify the inside of the radical and transpose
a term to the right-hand side.

\/3:2+y2 — 2yc+c? :2a—\/:r2+y2+2cy+c2

Squaring both sides, we find 22 4y? —2yc+c? =
4a2—4ar/r? + y2 + 2cy + x4y +2cy+c2.
Cancel like terms and simplify.

—dyc —4a® = —4a\/x2 + 92 + 2cy + 2

ye+a® = a\/x2+y2+20y+02
4

y?? 4 2yca® + ot = d*(2® 4+ y? + 2cy + &)
v’ +at = @+t + P
at —d?? = d®2® +y*(d® - )
Let b? = a? — ¢?. So a’b? = a®2? + b?*y? and
2y ) . . .
pta= 1 is an ellipse with foci (0, £¢) and
one finds that the z-intercepts are (£b,0).

If (s,t) is any point on the semicircle

y = V1?2 — 22, whose radius is r, then (2.5s,t)
is a point on the boundary of the drapes to be
cut. Since this point on the boundary satisfies
% + 4% = 1, one must cut the drapes in the
shape of an ellipse.

CHAPTER 10

97. Factoring, we find
y =

y:

THE CONIC SECTIONS

1 1
If@:4,thenp:1—6.

Since the vertex is (

focus is (3,04 p) =

1
2

0), the

(3 75), and

directrix isy=0—p = —%.

98. Completing the square, we find

xr =

xr =

Since the vertex is

focus is (—% +p,—

directrix is £ = —

99. The distance is

2(y* + )

1\2 1
2 ) - =
(‘7”2) 2

IfﬁzQ,thenp:%.

The midpoint is

1,1 1
3t1 —atl < 3 1)
2 7 874)°
100. The distance is
_2 2
3(z+h) 3z _
h
20 . 2(z+h)
3z(z+h) 3z(z+h) _
h
—2h
3z(z+h) _ -2
h 3z(x + h)
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10.2 THE ELLIPSE AND THE CIRCLE

101. Since f(—z) = —f(z), the graph is
symmetric about the origin.

102. Since A= (4)2, we find

2
d2
()
4A

— = d-

T
Then d = \/g.

Thinking Outside the Box LXXXVIII

Let (h, k) be the center of the third circle. The ra-
dius of the third circle is h. Since the third circle is
tangent to the circle centered at (0.5,0) with radius
0.5, we get

(0.5 —h)? + k%> = (h+0.5)%
The above equation reduces to
k? = 2h.

The common point between the third circle and the
circle centered at the origin with radius 1 is

( . k )
T : :
Vh2+ k2" Vh? + k2

SInce h is the distance from the center (h,k) to T,
we obtain

h 2 k 2
(—h) +<—k) — 12
Vh?+ k2 Vh? + k?
The above equation simplifies to
1+ k* =2Vh2 + k2.

Since k% = 2h, we obtain

1 V2
h_Z’k_T'
The center is
1 V2
hEk)=1|-,—
(h. k) (4’ 2)

and the radius is h = 1/4.

675

10.2 Pop Quiz

1. The center of the ellipse is (0,0), ¢ = 3 , and
b =5. Since a? = b*> + ¢ = 25+ 9, we find
a = +/34. Thus, the ellipse is given by

2 2
R
34 25
2. The center of the ellipse is (1,3), a = 5 , and
b=3. Since 25 = a® = b*> +c? = 9+ 2, we
obtain 16 = ¢2 or ¢ = 4. The foci are (1,3+c¢),
i.e., the foci are (1,7) and (1,—1).

3. Completing the square, we get

(2% +4a+4)+ (¥ — 10y +25) = 4+25
(x+2)%+ @y —-5?2 = 29.

The center of the circle is (—2,5) and the
radius is v/29.

10.2 Linking Concepts

a) Let P and A be the perigee and apogee, respec-
tively. Then the length of the major axis is
2a = A + P and the distance from the center

A+ P
2
One obtains and simplifies that the
eccentricity is

of the ellipse to its focus is ¢ = — P.

A+P
AL A-p

CTLT AP T AP

b) For Sputnik I, its perigree is P = 3950 + 132 =
4082 miles and its apogee is A = 3950+ 583 =
4533 miles.

c) Using the answers from parts a) and b), the
eccentricity of the orbit of Sputnik I is
_A—P 4533 — 4082

= ~ =~ 0.052.
“=A1p 15331402 -0
d) Solving for the apogee A in
_ A-P
T AtpP
A —29.64
2484 = ——
0.248 A+ 29.64

one finds A ~ 49.23 AU.
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e) Solving for the perigee P in 8. Vertices (—2,1) and (0, 1), foci (=14 +/2,1)
A_P Since the slopes of the asymptotes are +1, the
e = A+ P equations of the asymptotes are of the form
9 499 % 10° — P y = +x + b. If we substitute (—1, 1) into
0.0934 = = 3 y = +x +b, then 1 = £(—1) + b. Then
2492 x10°+ P 1=F14bor1+1=>b. Thus, the asymptotes
one finds P = 2.066 x 10% km. arey =z +2andy=—z.
9. Note, ¢ = Va2 + b2 = /22 4+ 32 = /13.
For Thought b 5
Foci (++/13,0), asymptotes y = +—x = :|:§:):
a
1. False, it is a parabola. v

2. False, there is no y-intercept.

3. True 4. True

b
5. False, y = —x is an asymptote.
a

6. True 7. True, for c=+/164+9 =5.
8. True, since ¢ = v/3+ 5 = /8.

10. Note, ¢ = Va2 +b? = V42 + 32 = 5.

b 3
Foci (£5,0), asymptotes y = +—z = :l:zx
a

2
9. False, for y = §$ is an asymptote. y

10. False, it is a circle centered at (0,0). ,
10.3 Exercises \ /
1. hyperbola
-3+
2. transverse axis
3. center 11. Note, ¢ = va? + b2 = /22 + 52 = /29.
2
4. fundamental triangle Foci (0, £+/29), asymptotes y = j:%q: = igaz
5. Vertices (£1,0), foci (+v/2,0), g
asymptotes y = +x
3,,
6. Vertices (0, +2), foci (0, +v/5), \1/
asymptotes y = +2x 5 al s "
7. Vertices (1,+3), foci (1, £v/10)

Since the slope of the asymptotes are £3, the
equations of the asymptotes are of the form

y = £3x + b. If we substitute (1,0) into y =
432+ b, then 0 = £3(1) + b or b = F3. Thus,
the asymptotes are y = 3x—3 and y = —3x+3.
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10.3 THE HYPERBOLA 677

12. Note, ¢ = Va2 + b2 = /32 + 42 =5, 16. Note, ¢ = Va2 + b? = /32 + 12 = /10.
. 3 b 1
Foci (0,45), asymptotes y = igl“ = izx Foci (£110,0), asymptotes y = +—x = igx
y y a
~ oy /X
32 gl 2 N
13. Note, c = Va2 + b2 = V22 + 12 = /5.
b 1
Foci (£+/5,0), asymptotes y = +—x = +—x 2 2
(#/5,0), asymptotes y = - 2 17. Dividing by 144, we get — — ¥ —
y 9 16
Note, ¢ = Va2 + b2 = /32 4 42 = 5.
b 4
\ 1 / Foci (£5,0), asymptotes y = +—z = iga:
X a
/ 1, 1 K y
14. Note, ¢ = Va2 + b2 = V12 + 22 = /5.
b
Foci (+v/5,0), asymptotes y = +—x = +22
a
Y 22 2
18. Dividing by 225, we obtain % 9= 1
Note, ¢ = Va2 + b2 = /52 + 32 = /34.
b 3
Foci (£v/34,0), asymptotes y = +—x = j:g:z
a

15. Note, ¢ = Va2 + b% = V12 + 32 = V10.

b
Foci (£v/10,0), asymptotes y = +—x = £3x
a

w

< 19. Note, ¢ = Va2 + b2 = V12 + 12 = V2.

'
w

b
Foci (£1/2,0), asymptotes y = +—x = 4z
a
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20. Note, ¢ = Va2 + b2 =12+ 12 = /2.

Foci (0, ++/2), asymptotes y = i%x =+x

21. Note, ¢ = Va2 +b> = /22 4+ 32 = V/13.
Since the center is (—1,2), we find that the
foci are (—14+/13,2). Solving for y iny—2 =

3
+—(z+1), we obtain that the asymptotes are

2
3 +7 d 3 +1
= - —_ 11 = —_—— — .
Y=t Ty aldy = maday
y
22. Note, ¢ = Va2 + b2 = /42 + 52 = \/41.

Since the center is (—3,—2), we get that the
the foci are (—3 £ /41, —2). Solving for y in

5
y+2= :l:z(:): + 3), we obtain that the

as totes are > +7a d > 23
m rey=—-x-+- an = ——g—-—
ymp Yy 4 4 ) 4 4
y
N/
8\ 3 [2*
2
7
23. Note, ¢ = Va2 + b2 =22 +12 = /5.

Since the center is (—2, 1), the foci

are (—2,1 4 /). Solving for y in

y— 1= +2(z +2), we obtain that the asymp-
totes are y =2x +5and y = —2x — 3 .

CHAPTER 10 THE CONIC SECTIONS

24. Note, ¢ = Va? +b% =224+ 32 = V/13.
Since the center is (1,2), the foci

are (1,2 4 1/13). Solving for y in

2
y—2= ig(az—l), we find that the asymptotes
2 + 4 q 2 n 8
rey = - —andy=—= —.
arey = g+ andy 3%t 3

y

25. Note, ¢ = Va2 + b2 = /42 + 32 = 5.
Since the center is (-2, 3), the foci
are (3,3) and (—7,3). Solving for y in

3
y—3 = :i:Z(I-i-Q), we find that the asymptotes
3 9 3 3
arey=-r+ - and y = ——x + —.

4 2 4 2

26. Note, ¢ = Va2 + b2 = /42 + 52 = \/41.
Since the center is (—1, —2), the foci
are (—1 £ /41, —2). Solving for y in

)
y+2= iz(x—i- 1), we get that the asymptotes
5 3 d 5) 13
rey=-r—-andy=——x — —
arey = o —candy = — o — -
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27. Note, ¢ = Va2 + b2 =124+ 12 = /2.

28.

29.

30.

Since the center is (3,3), the foci

are (3,3 £ +/2). Solving for y in

y—3 = £(x—3), we obtain that the asymptotes
are y =z and y = —x + 6.

y

2 3 4

Note, ¢ = Va2 + b2 = V12 + 12 = /2.

Since the center is (—2, —2), the foci

are (—2, —2 4 /2). Solving for y in

y+2 = +(x+2), we find that the asymptotes
arey =z and y = —z — 4.

Since the z-intercepts are (£6,0), the

22 g2
hyperbola is given by A 1
1
From the asymptotes one gets B = 6
2 2
and b = 3. An equation is ro_Yv
36 9

Since y-intercepts are (0,+2), the

2 172

p et

hyperbola is given by

2
From the asymptotes one gets 1 = —

b
2 2
and b = 2. An equation is yz — % =1.

31.

32.

33.

34.

35.

37.

39.

40.

Since the z-intercepts are (£3,0), the

2?2 g2
hyperbola is given by 2T E 1.

From the foci, ¢ = 5 and b? = ¢? 2

—a
2 2
=52 — 32 = 16. An equation is r_9

679

=1
9 16

Since the y-intercepts are (0, £4), the

2 .’L‘2

hyperbola is given by % 2= 1.
From the foci, ¢ = 5 and b = ¢
2 2
. Y €
=52 - 42 =9. Equation is == — —— =1
4 169
By using the vertices of the fundamental
rectangle and since it opens sideways,
one gets a = 3, b = 5, and the center is
2 2

x
at the origin. An equation is — — L

2 _ 2

=1
9 25

By using the vertices of the fundamental
rectangle and because it opens

up and down, one gets a =7, b=1,

and the center is at the origin.

l/2 2
An equation is == — z* = 1.
d 49

2 2 2 2
——==1 36. =1
9 16 16 4

2 2
y- (-1
= —--—=1 38. ——
9 9 16
Completing the square,

Y — (z? —2x) = 2
y?— (22 —22+1) = 2-1
(-1 =1
we obtain a hyperbola.
Completing the square,
(2 —2z+1)+4y* = 15+1
(x—1)*+4y* = 16
-1 2 2
@D v
16 4

we get an ellipse.
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41.

42.

43.

44.

45.

46.

47.

y = 2% + 2z is a parabola.

Completing the square,

2 —2c+1+y% = 1
(z—1)°+y* = 1
we find a circle.
Simplifying,
2522 + 25y = 2500
2> +y? = 100
we obtain a circle.
Simplifying,
10022 — 2552 = 2500
2 2
@y
25 100

we obtain a hyperbola.
Simplifying,

25 = —100y> + 2500
r = —4y?+100

we find a parabola.

Simplifying,
25z2 +100y> = 2500
2 2
Yy
100 ' 25

we find an ellipse.
Completing the square,

2(z% — 2z) + 2(y* — 4y)
2(x? — 22+ 1) + 2(y* — 4y + 4)
2 — 1) +2(y —2)* =

(-1 +(@y—-2? =

we find a circle.

-9+2+8

N

48.

49.

50.

51.

52.

53.

CHAPTER 10 THE CONIC SECTIONS

Completing the square,

= 222 4z -7

= —2(z*42x)—-7

= 22?420 +1)-T7+2
= 2z+4+1)?-5

S SN S

we obtain a parabola.

Completing the square,

2% 4 2z) 42 +6y = -7
2xr 42z +1) + 3>+ 6y +9 —T+249
20 +1)° + (y+3)° = 4
2 2
(x+1) +(y+3) _
2 4
we get an ellipse.
Completing the square,
9(z? —2x) +4(y* +4y) = 11
9(2? =22+ 1) +4(y* +4y+4) = 11+9+16
9z —1)*+4(y+2)* = 36
(=17 (+2° _
4 9 B
we find an ellipse.
Completing the square, we find
25(x? — 62 +9) —4(y* +2y+1) = —1214+225 -4
25(z — 3) — 4(y + 1)? 100
(-3 w1 _
4 25 -
We have a hyperbola.
Completing the square, we obtain
100y — (2% —4rx +4) = 104 —4
100y — (z —2)* = 100
s (2— 2)* 1
100 ’

We have a hyperbola.

From the center (0,0) and vertex (0, 8) one
gets a = 8. From the foci (0, £10), ¢ = 10.
So b = ¢? —a® = 102 — 82 = 36.

2 2

Hyperbola is given by y o2

e
64 36
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54.

55.

56.

Since p = 10 is the distance from
the vertex of the parabola to

1
its focus and a = — = —, the
4p 40

1
parabola is given by y = —az°.

40
Multiply 16¢% — 22 = 16 by 9 and

add to 922 — 4y% = 36.

—922 4 144> = 144
922 —4y> = 36
140y* = 180
9
2 _
oo 7
_ 3T
vy= T

9
Using y? = = in 22 = 16(y? — 1), we get

2 4+/14
w2:16<7) orx:\f.

4v14 37
The exact location is [ ——, —\[ .
7 7
Let (s,t) be the exact location where s,t > 0.

Then we obtain
44+4/(s—4)2+t2 = [(s+4)2+¢

24 4/s2+ (t—4)2 = /s2+(t+4)2%

Square the first equation, then simplify to ob-
tain
(s —4)2+t2=2(s—1).

Square once more and simplify to get

1242 = 352, Similarly, from the second equa-
tion one gets s2 + 15 = 15¢2. By substitution,
we find

s24+15 = 15(3s* —12)
195 = 44s°
195 5
PV
195(11) )
2ol
4(11)(11)
V2145
29 = S.

57.

681

195 57
2-8s2_-12=3"_12="+
Sot 3s 2=3 1 2 i and

V627
t= o The exact location is

(%)

22 7 22

Since ¢? = 16, the hyperbola with foci (£4, 0)
2 2

__y

16 — a?
perbola passes through the exact location, we
have

is given by — = 1. Since this hy-
a

195/44  57/44
a? 16 — a?

=1

from which one solves and finds that a? = 4.

22 42
This h bola is gi by — - = =1
is hyperbola is given by —- — 7o
Similarly, the other hyperbola with foci (0, £4)

is given by

Since ¢ = a® + > = 12 + 12 = 2, the foci
of 2 — y? = 1 are A(v/2,0) and B(—+/2,0).
Note, 4% = 22 — 1. Suppose (z,%) is a point on
the hyperbola whose distance from B is twice
the distance between (z,y) and A. Then

2 (w—\/§)2+y2 =
s(a V2P + ) =

(z+V2)2 +¢2
(z+V2)2 + 4>

4z — V22— (x+V2)2+ 32 =
322 — 10V2x + 6 4 3y* =

322 —10vV22 4+ 6 +3(2z> —1) =
622 —10vV2x +3 =

o o o o

V2

Solving for x, one finds x = — and ¢ = 5

the second value must be excluded since it
3v/2
2

is out of the domain. Substituting x =

V14
into 42 = 22 — 1, one obtains y = j:T.
By the symmetry of the hyperbola, there are

four points that are twice as far from one
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focus as they are from the other focus.
Namely, these points are
3v2 V14
j:—\[, +V .
2 2
2 2 b
58. The asymptotes of % — y—Q =larey==+-=.
a b a

The slopes are perpendicular precisely when

b b
- (—) = —1. This happens exactly when

a a

b2

— =1 or equivalently when a = b
a

(since a,b > 0).

59. Note, the asymptotes are y = +.
The difference is

50 — /502 — 1 ~ 0.01

2
60. Note, the asymptotes are y = :tgx. The

/ 2
2
difference is 24/1 + % - 5(50) ~ 0.06 .

62. Let D= B2 — 4AC.

If D = 0, the graph is a parabola, or for degen-
erate cases, the graph is a line, parallel lines,
or no graph at all.

If D < 0, the graph is an ellipse, or for degen-
erate cases, the graph is a circle, point, or no
graph at all.

If D > 0, the graph is a hyperbola, or a pair
of intersecting lines.

63.

64.

65.

66.

67.

CHAPTER 10 THE CONIC SECTIONS

1 2] -1 3]

| -3 5 2 4|
1(-1)+22) 13)+24) | _
—3(=1)+5(2) —3(3)+5(4) |
3 11

1311

Completing the square, we obtain

(+-3) -
= xr— — —_ =
Y 2) "1

1 1
Since 4—:17 we find p = —.

D 4

1 1
Since vertex is (2, —>, the focus is

4
1 1 1
- = =(-,0 d
(3-1+#) = (5:0) an
directrix i 1 1 1
ec SYy=———p=——O0ry=——.
irectrix is y 1P 5 0T Y 5

Since a = 6 and ¢ = 5, we find b* = a® — ¢* =

36 — 25 = 11. Then the ellipse is

2 2
T+ -
a b2

2 2
S AT
36 11

The midpoint of (0,0) and (3,4) is the center
which is (3/2,2). Then the radius r satisfies

3\ 2 25
2 2
=(=) +2°=—.
" (2) 4

The circle is given by

Let f(x) =x(z —1) > 0.
We apply the test-point method.
Note, f(—=1) >0, f(1/2) <0, f(2) > 0.

+ 0 - 0 +

10 5 01

The solution set is (—o0,0) U (1, 00).
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68. Combine the logarithms and solve for x.

1
log<$+ ) = 2
€T
1
T + _ 102
T
1
1+—- = 100
€T
1
— = 99
€T

1
The soluti tis ¢ — .
e solution se 18{99}

Thinking Outside the Box

LXXXIX On the zyz-space, the points F'(z,0,0),
T(0, 22, 8), and C(8,8, 2Z8)) are collinear.
The points F' and T are the endpoints of an
iron pipe where F' lies on the floor of one of
the corridors, and T lies on the ceiling of the

other corridor.

Using the Pythagorean Theorem, the length of
the iron pipe (distance from F to T') is

8 2
d:\/x2+( a:) + 82
r—8

Using a calculator, the minimum value of d
is 24, and this occurs when z = 16. Hence,
the longest length of an iron pipe that can be
transported is 24 feet.

XC Since the circumference is 30 inches, the ra-
dius of the basketball is 15/7 inches. For sim-
plicity assume the basketball has radius 1 inch
and just multiply the radius of the small ball
by 15/m.

Slice the cubic box vertically on the diagonal
and we get a rectangle that is v/8-inch wide by
2-inch high with a hypotenuse of /12 inches.
The circular cross section of the basketball
touches the top and bottom of the rectangle,
but not the sides. The circular cross section
of the small ball in the upper right corner is
tangent to the large circle and the top of the

683

rectangle, but does not touch the right side of
this rectangle.

Let = be the radius of the small ball and y
be the distance from the small ball to the up-
per right corner of the rectangle. Of course
there is another cirle in the lower left corner of
the rectangle that does not touch the left side.
Then we have

244z + 2y = V12

The second equation comes from thinking of a
cubic box that would be 2z on each side and
exactly contain the small ball. Its diagonal has
length 2v/12. The diagonal is also 2z + 2y.
Then

2w + 2y = xV/12.

Solve simultaneously to get = 2 — /3. Mul-
tiplying by 15/7, we obtain the radius of the
smaller ball, namely,

15
~=(2 — V/3) inches.

™

10.3 Pop Quiz

1. Since ¢? = a®+b%> = 944 = 13, we find ¢ = v/13.
Thus, the foci are (++/13,0). The asymptotes

2
arey=t—-zory==L-z.

a 3
2. Since the vertices are (0,46), we have a = 6.
The hyperbola can be expressed in the form
y?/a? — 2?/b? = 1. Since y = 43z are the
asymptotes, we obtain a/b = 3 or 6/b = 3.

Then b = 2 and the hyperbola is given by

2 2

Yy T
= - — =1
36 4

10.3 Linking Concepts

a) The asymptotes y = +—x are perpendicular

b b
precisely when — (—) = —1 or equivalently
a a

when a = b. Since ¢ = a®>+b? = 2a%, ¢ = V2a.

c 2a
The eccentricity is e = — = L =2.
a a
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2 2

. . Yy .
b) The eccentricity of Pl 1is For Thought
c az+bv2
€1 = P Similarly, the 1. False, the graph is an ellipse 2. True
. ?Jj _ ﬁ 1 _ Vai+ b 3. True, since the equation can be rewritten
eccentricity of =1lisey = . 5 9
b2 a? b (x —h) (y — k)
Then as 2 + 32 =1.
2 | 12)2
eled = (a—;bg) 4. False, the 2y’ coordinates are given by
a .
cos45° —sin45°
= o' +2a% + b (') = [ L } sin 45° cos 45°
N a?b?
(a2 +52)  a2(a2 + b?) :[1 1} V2/2 —V2/2 :[\/5 0}_
- a2b? + a2b? V2/2 V2/2
2 12 2 32
_ ¢ tb + a ;;b 5. True, the 2’y coordinates are given by
a o ; o
PN cos 30° —sin 30
efey = e +es. (:z:,y)—[\/g 1}[ sin30°  cos 30°
c) One can start off by rewriting v?, i.e., — [ V31 } [ \/?g &%jg ] _ { 2 0 }
2
2 — G . .
Y1 < a2 > 6. True, the xy coordinates are given by
cos 60°  sin 60°
2 =
= (- a?) (95;_ ) (.9) [0 2][—511&600 cos60"]
a
1/2 /3/2 1
2 =10 2 [ = =3 1.
= ((ae)? - a?) (3”; - ) [0 2] —V3/2  1/2 [ }
a

7. True 8. False, 8 =30°

y% — e2x% — 242 — x? + al. 9. True, see Example 5. 10. True
Note, the foci are (fae,0). By using the 10.4 Exercises
expression above for y?, one finds that the
shorter foci (the distance between (x1,y1) and 1. Completing the square,
ae,0)) is given b
( ) is g Y 2 4+6x+y> -3y = —1
= — ae)? + g2 3\ 2 9
\/(wl ae)® +ui (x+3)2+<y—2> = 149+
= \/x% — 2z10€ + a?e? + y3 312 Al
cedt 4 (y-3) = 7
= \/x% — 2z10€ + a2e? + e2x? — e2a? — 22 + a? ( ) Y73 4
= \/a2 — 2z10e + €23 one gets a circle.
— (a — ex1)? 2. Completing the square,
= en-—a 2?48z — (Y —6y) = —2
since 1 > a and e > 1. Thus, the shorter (z+4)2%—(y—3)72 = —2416—9
fgcal radius is ex; — a. Since t.wo .fOCfll radii (z + 4)2 —(y— 3)2 - 5
differ by 2a, the longer focal radius is given by
2a + (ex1 — a), or equivalently by ex; + a. one obtains a hyperbola.
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3. Completing the square, one obtains

2(x* 4+ 2x) +6(y* —2y) = 3
2z +1)24+6(1y—1)% = 34+2+6

(@+1)?  (y—1)° .
11/2 11/6 '

We get an ellipse.
4. Completing the square, we get

3(z*4+4r) -9 = 3y
3(x+2)?-9-12 = 3y
(x+2)72*-7 = y.

A parabola.

5. Completing the square, one obtains

3z = —6(y*+3y) +8
3\ 2 27
3r = —6 = 8+ —
T <y+2> + 8+ 5
3\? 43
3r = —6 = —
T < +2> + 5
= 2( —|—3>2+43
vz YT 6
A parabola.
6. Completing the square, we find
1 1
a4l 2_> o
<:U + 21’) +5<y 5y

1\2 1\2 1 1
Z S = 1
4<x+4> +5<y 10) LT

1\?2 1\? 2
4<m+4> +5<y—10 = 2—3
(z+1/4)?  (y-1/10* _
13/40 13/50
An ellipse.
7. An ellipse since AC = (4)(3) > 0.
8. An ellipse since AC = (—3)(—8) > 0.
9. A parabola since AC = (2)(0) =
10. A parabola since AC = (0)(5) = 0.
11. A hyperbola since AC = (9)(-5) < 0.

12.

13.

14.

15.

16.

17.

18.

19.

685
A hyperbola since AC = (—8)(1) < 0.

. cos45° —sin45°
Since [2',y'] = [ 3 } sin 45° cos 45° ]
) V3R Vi
-[a )| V2 h |- lave o)
the 'y/-coordinates are (3v/2,0).

. cos45° —sin45°
Since [2/,y/] = [ 0 ] sin 45¢ cos 45° ]
- V32 VA

= [ 5v2/2 5v/2/2 ], the x'y'-coordinates
are (5v/2,5v/2/2).

Since [z, '] =
cos45° —sin4h°
[ V2 0 } l sin 45° cos 45°
_ Va2 i | _
_[\@0}[\@/2 V2/2 _{1_1}’
the 2'y’-coordinates are (1, —1).
Since [2/, 9]
cos45° —sin4h°
sin 45° cos 45°
[ } AR
V2/2  V2/2

[ 0 2 ], the a’y’-coordinates are (0,2).
Since [z, Y] =

[ 1 \/g}lcc‘)s%o

sin 60°

— sin 60°
cos 60°

1/2 —/3/2
:{1 ‘/3/2}[\/3/2 1?2]:

[ 2 0 ], the a’y’-coordinates are (2,0).

Since [2/,y] =
cos 60° —sin 60°
sin 60° cos 60°
[ ] 1/2 —v3/2 | _
V3/2 1/2
[ 0 2 ], the a’y’-coordinates are (0, 2).
Since [z, y] =

[ 9 } cos 60°

— in 60° ]
sin 60°

cos 60°
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20.

21.

22.

23.

24.

25.

26.

2 0] A2 %]
{2+5\/§ 5—2v3 },the
2 2

2453 5—2\/§>

x'y’-coordinates are (

2 2

Since [2/,y/] =
{_1 } cos60° —sin 60°

sin 60° cos 60°
_[ ] 2} 1/2 —/3/2 _

V3/2 1/2
(21 V542 ] g,
2 2 ’

x'y/-coordinates are ( 5

2v3 -1 V3+2
2 ’ ’
Since cot 260 = 0, the smallest positive angle 6
satisfies 20 = 90°. Thus, 6 = 45°.
Si t 20 !
ince cot 20 = —,
) V3

satisfies 260 = 60°. Thus, 6 = 30°.

the smallest positive angle

1
Since cot 20 = 7 the smallest positive

angle 0 satisfies 260 = 120°. Thus, 6 = 60°.

Since cot 20 = \/g, the smallest positive angle
0 satisfies 20 = 30°. Thus, 6 = 15°.

/ /

. r —yY
Note, = 2’/ cos(n/4) — ' sin(w/4) =
(w/4) — y'sin(m/4) 7
:E/ +y/
and y = x’'sin(mw/4) + ¢ cos(mw/4) = :
, VP
o . r -y
Substituting into y = x, we get =
V2
x/ +y/
. Then 2/ — 3y = 2/ + 3. Solving for
V2
y', we have ¢y = 0.
z —y
Note, x = 2’/ cos(n/4) — y'sin(w/4) =
(w/4) — y sin(m/4) 7
: o +y
and y = 2'sin(w/4) + ' cos(w/4) = .
, V2
e =Y
Substituting into y = —x, we obtain =
/ / \/i
r+y
———. Then 2’ —y = -2’ —y or 2’ = 0.
V2 Y Yy

27.

28.

29.

30.

31.

CHAPTER 10 THE CONIC SECTIONS

Note, = = a'cos(n/3) — y'sin(n/3) =

:L"—y'\/§
2

2'V3 4y
2

and y = 2/ sin(n/3) + ' cos(m/3) =
. Substituting into y = 3z, we ob-
'3+ _3x'—y’\/§

2 2

Then 2'v/3 4y = 3(z' — y'\/3). Solving for
v, ¥ +3V3y = 32’ —2'v3. Thus, v =
3-V3

tain

—.

1+3v3

Note, = = a'cos(n/6) — y'sin(n/6) =
3 A |

\foy and y = 2/ sin(7w/6) + ' cos(7/6) =

/ 3 /
a:—i—z\fy. Substituting into y = 2z, we get

x/+\/§y’_2\/§w’—y’
2 o 2 ’

Then y/(v/3+2) = (2v/3—1)2’. Solving for ¢/,
2v3-1,

we obtain ' = ———2'.
V3 +2

:Eliy/

V2

. Sub-

Note, x = 2/ cos(n/4) — y'sin(n/4) =
and

/ /
y = 2'sin(n/4) + ¢ cos(mw/4) = Tty

stituting into xy = 2, we get 7 )
Then (2/)? — (v')% = 4.

Note, x = 2’ cos(n/4) — y'sin(7/4) =
and

y = a’sin(m/4) + ¢/ cos(w/4) =
stituting

x/+y/

. Sub-
7 u

N2 _ /\2
into xy = —2, we get M:—z

2
Thus, (y')? — (2')? = 4.

Note, = = a/cos(m/6) — y'sin(n/6) =

\/gx/ _ y/
2
x/+\/§y/

2
Substituting into 2% + y? = 4, we get

and y = 2’ sin(7w/6) + ' cos(7/6) =
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32.

33.

34.

3(2)? — 2v/32y + (y)?

1 +
(33’)2+2\/§9:’y’+3(y’)2 4
1 =4.
4 N2 4 /2
Then A+ 40 I )" _ 4or () + (y)? =4
N / 4) —yf yor=y
ote, x = x' cos(m — 1y sin(7 =

(w/4) — o sin(m/4) V2
and y = 2’sin(r/4) + ' cos(n/4) = x\}}y

Substituting into 22 — xy + % = 1, we get
() () ()
V2 V2 V2
z + y/ 2
( 7 ) = 1. Multiplying the equation by

we get,

(@ =) = (@)= @)) + @ +y) =2

So, (2')” +3(y)* = 2.

l

\

Note, x = 2/ cos(m/4) — y' sin(w/4) =

\/>
and y = 2’ sin(mw/4) + ¢/ cos(n/4) = vy
V2
Substituting into 22 — 2zy 4+ 1% — v2x — /2y =

0,
x/_y/)Q (x/_y/> <$/+y/)
e get —2 +
e (;@ NCRVANRYG
$,+y,> (I’l—y/> <$l+y/>
NG) —\/2 =
() -2 (557) -2 (5
0. Multiplying by 2, we obtain (2/ — y')? —

2((@)* = (1)) + (&' +9/)* =2 —y/) = 2(a' +
y') = 0. This can be simplified to 2’ = (y).

Note, = = a'cos(m/6) — y'sin(w/6) =

3z — Y/
2
and y = 2’ sin(7/6) + ' cos(7/6) =
/ 3 /
m. Substituting into the

2
3 A |
original equation, we get 2 \ffn2y +

A(24)(452).

2

<$/+\/§y/>2_2<\/§x/_y/>_
2 2

35.

36.

37.

687

2 = 0. Multiplying by 4, we

get 2(v3a' —y')? + V3(V32' — /) (¢ + V3y')+
(&' +V/3y) — 4(V32 — i)+ A(z' +v/3y) = 0.
This can be simplified to

5(2) = (2v3+2)2' + (v')* + (2-2V3)y =

<x/ + \/gy/
2

Note, cot 20 = A;ﬁC =0. So, § = /4. Then

r
x =2’ cos(m/4)—y sin(m/4) = -

andy =

a' sin(m/4) +y cos(w/4) = . Substitute

. —y x’+y’>
to zy—6 = 0. So, 6=
ey © < V2 ) V2

Simplifying, we obtain (2/)% — (y')? = 12. This
is a hyperbola.
A_

Note, cot20 = TC = 0. So, 0 =
7w/4. Then x = 2’ cos(m/4) — ¢/ sin(n/4) =
z —yf

and y = a’sin + 3/ cos(m/4) =

7 y (m/4) + y cos(m/4)

x/+ /

g Substituting into zy + 3 = 0, we get

V2
(mwf)(xwf)+3:“

Simplifying, we obtain (z')? — (y)? = —6.
This is a hyperbola.

13-7

Note, cot 20 = So, 6 = /6,
oE = V5

3 A |
x =’ cos(m/6) —y sin(r/6) = \f$2y’ and

/ 3 /
y = 2’ sin(m/6) + ' cos(7/6) = x—i—2\[y
Substituting into the original

3z’ —

equation, we get 13 \[332 +

6\[<\[Jj y> (1‘ +2\/§y>+
2
. <ac+2\f3y> —16 = 0. Multiplying by 4, we

get 13(3(2)2—2v32"y/+(v')?)+63(V3(2') 2+
22"y —V/3(y')*) +7((a")* +2v/32"y +3(y/)?) —
64 = 0.

This simplifies to 64(2")? 4+ 16(y')? — 64 = 0.
Thus, 4(z')? + (y')? = 4. An ellipse.
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38.

39.

40.

1-11 -1
Note, cot 20 = So, 0 =
vs v T
/ /
—y'v3
x = a2’ cos(n/3)—y sin(rw/3) = HTQy\f, and
/ 3 /
y = ' sin(w/3) + v/ cos(n/3) = x\f;y
Substituting into the original
. TV A
equation, we get —
A | 3 / 3 /
10\/§<$ 21“[) (m\/;+y>+

/ / 2
11 <:13\/§2—|—y + 16 = 0. Multiplying by 4,
we get (z' —y'v/3)2 +10V3 (2’ —y'v/3) (2 V3 +
y) + 11(z'v3 + ¢/)? + 64 = 0. Note, there
must be no x'y’ term. This reduces to 64(z')%—
16(y')?+64 = 0 and can be rewritten as (y')%—
4(2")? = 4. A hyperbola.

A-C 3-3

ote, co 5 10 0. So,

w/4. Then x = z’cos(m/4) — ¢/ sin(n/4) =
z —y

and y = a'sin(n/4) + ' cos(w/4) =
7 y (m/4) + y' cos(m/4)
.'E/+ /
. Substitute into the original equation.
V2

g 7 — y/ 2
0,3 —
(")
o ’ ’
("5 () (75
V2 V2
() v () waz—o
—16 + 16
\/§
Multlplymg by 2, we get 3(z’ — )2—
10((2")* = (y')? +3(£B +y) 32( y')? +
32(2" 4+ y') + 24 = 0. Note, there must be no
2’y term. Simplifying, we obtain —4(z')? +
16(y')? + 64y’ + 24 = 0. Rewriting, we get
(2")2 — 4(y")? — 16y’ — 6 = 0.
This is a hyperbola.

A-C 5-5

Not t260 = = =0. 0 =
ote, co 5 —o6 0. So,

w/4. Then x = z’cos(m/4) — ¢/ sin(n/4) =
z —y

V2
I/+,

and y = a'sin(w/4) + ¢ cos(n/4) =

. Substitute into the original equation.

>

41.

42.

43.

CHAPTER 10 THE CONIC SECTIONS

So, 5( 23/ )2
6 (250 () +5 (%57
+16\f( fy>+16f<x;§y>—1o4—o

Multiplying by 2, we get 5(z' — 3/)%—

26((2')? — (o )?) + 5’ + ') + 32 — o) +
32(z' +y') — 208 = 0. Note, there must be no
2’y term. Simplifying, we obtain —16(z")? +
36(y')% + 642’ — 208 = 0. Rewriting, we get
4(2")? — 162" — 9(y')* + 52 = 0. A hyperbola.

A-C 0-0
Note, cot 20 = 5 = 3 = 0. So, 6 =

/4. Then x = 2/ cos(mw/4) — y' sin(w/4) =
z —

V2
x/ + /
\/5 / / / /
-y T +y )
So, 2 +
(7) (55
x/_y/> <$,+y,>
V2| —F—— ) +V2 +4 =
ve( )5
Simplifying, we obtain
((@')* = (¥)%) +3(2
Thus, we have a hyperbola

— (Y2 +4=0,

and y = a'sin(w/4) + ¢/ cos(n/4) =

. Substitute into the original equation.

y)+ @ +y)+4=0.

(.’BI)Z + 4.’E/

A— _
Note, cot 20 = BC:O40:O. So, 0 =
/4. Then x = 2/ cos(w/4) — y sin(w/4) =

l’,—y/

and y = 2’sin(n/4) + ¢ cos(w/4) =

V2
:L,/ + y/
. Substitute into the original equation.
\/5 x — y/ z + y/
So, 4 ( ) ( > +
V2 V2
z — y/ z + y/
—5@( >+3\/§<>—|—6:0.
V2 V2

Simplifying, we obtain 2((z")? — (3/)?)—
5" —y') +3(2' +y') + 6 = 0. Dividing by 2,

we

get (/)2 —2'—(y')?+4y'+3 = 0. A hyperbola.
A— C 3—-1 -1

Note, cot 20 = —. So,
B~ 23 3

0 = /3. Then z = 2/ cos(mw/3) — ¢/ sin(7/3) =
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44.

45.

46.

r /
332\f3y and y = 2’ sin(m/3) + ¢ cos(mw/3) =

3z’ + . . .
u. Substitute into the original equa-

2
2
;o /
tion. So, 3 :”Q‘[?W

() (45).

(B2 ao (8

2
(1+f)<\[‘7" “’)—1:0.

Multiplying by 4, we get 3 ($’ — \/§y’>2 _
23 (2~ V3y') (V3o + o/ )+ (VB2 /) +

23 - 1) (:L" - \/gy’) - 201 +
V3) (\/gx’—i—y’) -4 = 0. Expand-
ing and combining like terms, we obtain

—82' + 16(y')2 — 8y’ — 4 = 0. Rewriting, we
get 22’ — 4(y')? + 2y’ + 1 = 0. A parabola.

Note, cot20 = A-C =

0 = w/4. Then x = 2’ cos(mw/4)
x —yf
V2
m/+y/
V2

equation. So, (

= 0. So,
—y/sin(r/4) =
o' sin(w/4) + y' cos(n/4) =

and y =

. Substitute into the original
AN
T y) n
V2
(D
\/él / \/i / /2
T —y +y
3 (20 ey (20 1
f( V2 ) v V2
-y
!/

Multiplying by 2, we get (z 2+

2((a")? ~ (v )2)+(f€ +y')?+6(2' —y') +10(2" +
y') +4 = 0. Expanding and combining like
terms, we get 4(z')? + 162’ +4y’ +4 = 0. Sim-
plifying, we obtain (2/)%2 + 42’ +¢y' +1=0. A
parabola.

A hyperbola since B? —4AC = 32 —
9 > 0.

4(0)(0) =

A hyperbola since B2 — 4AC =
4(1)(1)=4>0.

(2v2)? -

47.

48.

49.

50.

51.

52.

689

An ellipse since B? — 4AC = 3% — 4(2)(2) =
-7 <0.

An ellipse since B2 — 4AC = v/3° — 4(4)(3) =

—45 < 0.

A parabola since B? — 4AC =
4(2)(9) = 0.

(6vD)? -

A parabola since B? — 4AC =
4(3)(3) = 0.

(=6)* —

By grouping the y’s, we obtain y? + (x — 1)y +
(x2 4+ 2) = 0. By the quadratic formula we get

(-1 +(x—-1)

—4(x? 4+ x)
5 .

This simplifies to

l—xz+vV-322—-6zx+1
5 )

y:

The graph is an ellipse as shown.

y

Using the double-angle identities, we get
B’ =2(C — A)sinf cos 0+ B(cos? § —sin? §) =
(C — A)sin20 + B cos 26.

Likewise, 2A" = 2(A cos? 0 + C'sin? 6+
B cosfsin ) = 2A cos? 0+ 2C sin? § + B sin 26.

Similarly, 2C" = 2Asin? § + 2C cos? 6—
Bsin 26.

If we expand the product

(2A4)(2C"), we get 4A'C" = 4A% cos® fsin? 6 +
4C? cos? sin? § — 2AB cos? 6 sin 20+
2ABsin? 0 sin 20 + 4AC cos* 0 + 4AC sin* 0+
2BC cos? §sin 20 — 2BC sin? # sin 20—

B2 sin? 26.

Furthermore, 4A'C’ = A? sin? 20+ C? sin® 20—
2AB cos 20 sin 20 + 2B(' sin 26 cos 20+
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690

53.

54.

55.

56.

57.

4AC(cos* 0 + sin? §) — B%sin% 20 =
A?sin® 20 + C? sin® 20+

2B(C — A) sin 20 cos 20 +4AC (cos* O +sin? ) —
B?sin? 20.

Moreover, 4A'C" = (A? + C? — 2AC) sin® 20 +
2AC sin? 20 4 4AC (cos? 20 + 2 cos? §sin? ) —
B2(1 — cos?20) + 2B(C — A) sin 26 cos 20.
Also, 4A'C" = (A — C)? sin? 20+

2B(C — A)sin 20 cos 20 + 2AC sin? 26+
4AC(cos? 20 + (sin? 20)/2) — B%(1 — cos? 20).
And, 4A'C' = (A — C)?sin? 20+

2B(C — A)sin 26 cos 20+

4AC (sin? 20 + cos? 20) + B? cos? 20 — B2.
Then 4A'C" = (A — C)?sin? 20+

2B(C— A) sin 20 cos 20+ B? cos? 20+4AC — B2.
Note, by looking at the earlier expansion of
B', we get 4A'C' = (B')? +4AC — B?. Hence,
(B")? —4A'C' = B* — 4AC

a) When A=—-C#0and D=F =F =0,
we get Ax? — Ay? = 0. Since A # 0,
2 = y? or x = +y, which is a pair of
lines.

b) When A=C =1and D =FE = F =0,
we get 2 + y?> = 0. So, the graph of
z? + 9> = 0 is a single point, namely,
(0,0).

When A=C=1,D=FE =0, and F = 3 we
get 22 + 32 + 3 = 0. Since the left side of the
latter equation is always positive for all real
numbers x and y, the equation has no graph.

The parabola opens downward and p = —i.
Since the vertex is at (0,3/4), the parabola is
given by 2% = —(y — 3) or y = —a% + 3.

In standard form, write y = —2(z — 1)% — 3
or (z —1)> = —4(y+3). Then p = —3 and
the parabola opens downward. We find ver-
tex (1,—3), axis of symmetry = = 1, focus
(1,—-25/8), and directrix y = —23/8.

The major axis is the z-axis, ¢ = 8, and b = 6.
We find a? = b + ¢? = 100, and the ellipse is
given by

58.

59.

60.

CHAPTER 10 THE CONIC SECTIONS

Applying the method of completing the square
we find

8oty = B
2 YyTo) T 4T

The center is at (%, —%) and with radius @.

The hyperbola opens up and down, a = 6, and

7 = 2since y = £2x are the asymptotes. Then
b = 3, and the hyperbola is given by
2 2
vy _q,
36 9

Rewriting the equation, we find
y? — (x—3)2=09.

The conic is an ellipse.

Thinking Outside the Box XCI

The domain of N(z) = bz +6 + Tz +8 is
[—8/7,00). We note that

N(s) < N(t) forall — ; <s<t.

Thus, the minimum value of N is

N(-8/7) =

7

10.4 Pop Quiz

1. Completing the square, we find

2(x24x)+4<y2+iy> =1
2(m2—4x+4)+4(y2+1y+1> = 1+8+i
47" 64 16
) 1\? 145
2(%72) +4(y+8) = ﬁ
<x—2>2+(y+1)2 _ 45
2 8 64

This is an ellipse centered at (2, —1/8).
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o
2. Note, z = 2/ cos(n/4) — y'sin(n/4) = i
/

N

and y = 2’sin(n/4) + v cos(n/4) = 7
Substituting into y = 3z, we obtain

x/_{_y/:g(xl_y/)
V2 V2

Then 2’ +y' = 3(2’ —¢') or

/ /

1
= =T .
¥y=3

3. Since cot 20 = A-C = 0, we find 0 = 7/4.

B
Then

/ /

r—y

x =1’ cos(m/4) — y sin(n/4) = V2

and
x/ + y/

V2

y = 2’ sin(r/4) + y cos(n/4) =
Substitute into xy = —1. Then
<Hf,—y,> (x/+y/>_ 1
V2 V2

@) _ @)
2 2

or equivalently =1.

For Thought

1. True
2. False, rather the eccentricity satisfies 0 < e < 1.

3. True 4. True 5. True
1

31 , the directrix

1—30059

isx=-4. 7. True

6. False. Since r =

8. True, for the discriminant B2 — 4AC =
02 — 4(2)(-3) is positive.

9. True, for the discriminant B? — 4AC =
02 — 4(2)(0) is zero.

10. True, for the discriminant B> — 4AC =
02 — 4(2)(5) is negative.

2
' +y

691

10.5 Exercises

2-3
1. Since r = ———— eccentricity is e = 2, conic
1—2cosf
is a hyperbola, and distance is p = 3.
5.3
2. Since r = ——2— eccentricity is e = 5, conic
1—>5sin6
is a hyperbola, and distance is p = £
3
3. Since r = ——24 eccentricity is e = 1, conic
1—sinf
is a parabola, and distance is p = T
1.8
4. Since r = —2— eccentricity is e = 1, conic
1—cos6

6
is a parabola, and distance is p = £

4.3
5. Since r = —3 4 eccentricity is e = —,
1+ Tsin6 Y
3
conic is a hyperbola, and distance is p = T
5,6 5
6. Since r = 2575, eccentricity is e = —,
1+ 5cosf 2
6
conic is a hyperbola, and distance is p = 5

7. A parabola with directrix y = —2

y

~

../
N

8. A parabola with directrix z = —3

y

-
-
N
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9. An ellipse with directrix x = = since
2 .5
3°2

r=—5
1—|—§c0s9

y

N |
A2

10. An ellipse with directrix y = 2 since
L2
T =
1+ 2sind

Yy

3

YN

1
11. A hyperbola with directrix « = 5 since
1
35

"= 1—3cosf

y
1

12. An ellipse with directrix y = —1 since
1

51

r= -
1—%sm9

13

14

CHAPTER 10 THE CONIC SECTIONS

(N
U/

-1

. An ellipse with directrix y = 6 since
Lo
r= T
1+ 5sin6

y

> K

. An ellipse with directrix x = 3 since

15. r =
" T 1 sing
. 1(3)
16. Slncer—m,we getr—m.
2.5 10
17. Si = find r = ———.
7. Since r 1+20080,we nd r T 20050
3-6 18
18. Si = tr = ————.
e T g cos0 B T T 1 3cost
-4 4
19. Note, r =

- Sor=——.
1—|—%sin0 2+ sinf
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20.

21.

22,

23.

24.

25.

26.

27.

Not _ 56 S _ 6
ote, r = —. Sor= —.
l—i—%sme 3+sin6
3
2.8 24
Not =—4 —  Th =
e 1—%cos€ enr 4 — 3cosb
1.10 10
Note, r = 51 .Sor=——.
1 — =cost 5 —cos6

Multiplying by 1 + sin @, we obtain

r+rsinfd = 3
r = 33—y
22+ = 9—6y+1°

Simplifying, we get 22 +6y—9 = 0, a parabola.

Multiplying by 1 + cos #, we obtain

r4+rcosf = 6
r = 6—=x
22 +9y? = 36— 12z + 22

Thus, we get 42 + 122 — 36 = 0, a parabola.

Multiplying by 4 — cos 6, we get

4r —rcosf = 3
4r = 34+«
16(x* +y*) = 9+ 6+ 22

Thus, we obtain 1522 4+ 16y%> — 6z — 9 = 0, an

ellipse.
Multiplying by 4 — 3sin 6, we get
4r — 3rsinf = 9

4r = 943y
16(z2 +4%) = 81+ 54y + 9y°.

Thus, 1622 + 7y? — 54y — 81 = 0. An ellipse.

Multiply by 3 + 9cosé. Then

3r+9rcosf = 1
3r = 1—-9x
9z +y%) = 1-— 18z + 8122

Thus, we get 7222 — 9y?> — 18z 4+ 1 = 0.
A hyperbola.

693

28. Multiply by 5 — 10sin#. Then

57 — 10rsinf = 1
or = 1410y
25(z% + %) = 1+ 20y + 100°.

Simplifying, we get 2522 — 75y? — 20y — 1 = 0.
A hyperbola.

29. Multiply by 6 —sinf. Then

6r —rsinf = 2
6r = 24y
36(z% +9%) = 4+4y+9°

Thus, we get 3622 + 35y% — 4y — 4 = 0.
An ellipse.

30. Multiply by 3 — 9cos6f. Then

3r —9rcosf = 6

3r = 649z
9(z® +9%) = 36+ 108z + 81x>
2?2 +y? = 44122+ 922

Simplifying, we get 822 — y? 4+ 12z + 4 = 0.
A hyperbola.
31. Si 5012 L By letting 0
. Sincer = ——— ¢ = —. etting 6 =
1+ % cos 6 37 Y &
0,7, we get the vertices in polar coordinates,
(3,0) and (6, 7). The length of the major axis

is 2a = 9. So a = g Recall, if 2¢ is the

distance between the foci then e = < So,
a

1

3= 9/% and 2¢ = 3. Thus, the foci are (0,0)

and (3, 7).

32. Note, e = 3. By letting = 0, 7, we obtain the
vertices in polar coordinates (3,0) and (6,0).
The distance between the vertices is 2a = 3.
Soa= 3 Recall, if 2¢ is the distance between
the foci then e = g. So, 3 = ﬁ and 2c¢ = 9.

Thus, the foci are (0,0) and (9,0).

33. Note, e = 1. Since the focus is at the pole,
the directrix of the parabola is = 12, and
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34.

35.

36.

the vertex is midway between the focus and
directrix, the polar coordinates of the vertex
is (6,0).

Suppose the directrix x = p with p > 0, the
focus is at the pole, and the eccentricity is e.
Let P be a point in the conic. The distance
between the P and the pole, F', is . Note,
the distance between P and the directrix is
PD = |p —rcosf|. Thus,

PF r
= = €
PD  |p—rcosf|
If (r1,60,) satisfies = e, then
p —1rcosf
(r1, 61 + ) satisfies — = e. We might
p —rcosf
as well assume —— = e, Solving for r,
p —rcosf
e get r = pe
w =— .
& 1+ ecosf

Assume the directrix D is y = p with p > 0,
and a focus F' is at the pole. If P is any point
on the conic, then the distance between P and
F is PF = r. By analyzing different cases as
to whether P is above or below the directrix,
the distance between P and the directrix is
PD = |p—rsind|. So,

PF r B
PD  |p—rsinfg|

(&

Note, if (r1,6;) satisfies

r
S S —
p—rsinf

then (—r1,—61) would satisfy

—r
— =e.
p—rsinf

We might as well assume that —— = e
p—rsinf
Solving for r, we get

€p

"= 1+esing’

Assume the directrix D is y = —p with p > 0,
and a focus F is at the pole. If P is any point
on the conic, then the distance between P and

37.

38.

39.

CHAPTER 10 THE CONIC SECTIONS

Fis PF = r. By analyzing different cases as
to whether P is above or below the directrix,
the distance between P and the directrix is
PD = |p+rsinf|. So,

PF r .
PD  |p+rsing]

Note, if (r1,6;) satisfies

r
— =ce
P+ rsinf

then (—ry, —61) would satisfy

—r
-  _—e
p+rsinf

We might as well assume that ———— =e

p+rsinf

Solving for r, we get

€p
r=—
1 —esinf

By letting 8 = 0,7, we obtain the vertices
(2,0) and (2/3,7) in polar coordinates of the
ellipse. So, one-half the length of the major

axis is ¢ = —. Since the distance ¢ between

2
the pole and the vertex (2/3,7) is ¢ = 3 the
eccentricity is

c_%_l

a  4/3 2

By letting 8 = 0,7, we obtain the vertices
(6,7) and (2,7) in polar coordinates of the
hyperbola. So, one-half the length a of the
transverse axis is a = 2. Since the center is
(4,7), the distance ¢ between the center and

the pole is ¢ = 4. Thus, the eccentricity is
c 4

= — = - = 2_
¢ a 2
The parabola opens to the left, vertex (4,0),

and p = —1. Since y? = —4(x — 4), we obtain

2
= —— 4.
T 4y +
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40. Rewrite equation as

(25 = 3y~ 9)

The vertex is (5,9), and axis of symmetry is
x =5. Since p = —3, the focus is (5,71/8).

41. Since a = 8, b = 6, and center at the origin,
the ellipse is given by

42. The slopes of the asymptotes are £2/5. Since

the asymptotes pass through the center (3,0),
the equations of the asymptotes are y = %x—g
and y = —%x + %

43. We find [2/,y] =

[ 11 } cos45° —sin4h°
sin 45° cos 45°

[
44. We find [2/,y/] =

cos60° —sin 60°
[ T V3 } sin 60° cos 60° ]

:[2:17 0 } Thus, vy’ = 0.

Thinking Outside the Box XCII

Note, if a > b > 0 and n > 0, then
a b b a

> .
n+n+1 n+n+1

Thus, the arrangement with the largest sum is

2006+2005+ . 2 n 1
1 2 2005 0 2006

10.5 Pop Quiz

1. Since 1
HO
r= T
1 — -cos#
5 08
we find e = 1/3 and the conic is an ellipse.
Since p = 3, the directrix is x = —3.
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2. Rewriting, we have

(3)

"= 1+4sinf’

Then e = 4 and the conic is a hyperbola. The

1
directrix is y = 3

3. Sine e = 1, the conic is a parabola. Note, p = 2

and
_ €p
"T 1 Zecost
The polar equation is
_ 2
i p—k

Review Exercises

1. If y = 0, then by factoring we get
0 = (x + 6)(x — 2) and the z-intercepts are
(2,0) and (—6,0).

If z = 0, then y = —12 and the y-intercept is
(0, —12).

By completing the square, we obtain
y = (z +2)? — 16, vertex (h, k) = (—2, —16),
and the axis of symmetry is z = —2.
Since p = yPRE the focus is
(h,k+p) = (—2,—63/4) and
directrix is y = k — p or y = —65/4.
y

il [«

-7 3

-12

=17+

2. If y = 0, then by factoring we get 0 = z(4 — x)
and the z-intercepts are (0,0) & (4,0).
If 2 = 0, then y = 0 and y-intercept is (0, 0).

By completing the square, one gets
y=—(z —2)% +4, vertex (h, k) = (2,4),
and axis of symmetry is z = 2.

Copyright 2013 Pearson Education, Inc.



696

1 1
Since p = ia = T the focus is
a

(h,k+p)=(2,15/4) and
directrix isy =k —p or y = 17/4.

y

X

éé\é

3. If y = 0, then by factoring we find 0 = z(6 —2z)
and the z-intercepts are (0,0) and (3,0).

If x = 0, then y = 0 and the y-intercept is
(0,0).

By completing the square, one gets

y=—2(z — 3/2)? +9/2, with

vertex (h,k) = (3/2,9/2),

and axis of symmetry is x = 3/2.

— = —1, the focus is

4a 8

(h,k+p)=(3/2,35/8) and

the directrix is y = k — p or y = 37/8.

Since p =

y
457

+ X
15 x

4. If y = 0, then by factoring we obtain
0 = 2(z — 1)? and the z-intercept is (1,0).
If x =0, then y = 2 and y-intercept is (0, 2).
Since y = 2(x — 1)? is of the form
y = a(x — h)? + k, the vertex is
(h,k) = (1,0), and the axis of symmetry is
x = 1. Since p = yriir the focus is
(h,k+p) = (1,1/8) and directrixis y =k —p
ory=—1/8.

CHAPTER 10 THE CONIC SECTIONS

5. By completing the square, we have
r=(y+2)2-10. If z = 0, then y +2 = +/10
and the y-intercepts are (0, —2 £ v/10).

If y =0, then x = —6 and the z-intercept is
(—6,0). Since = (y + 2)% — 10 is of the form
x = a(y — h)? + k, the vertex is

(k,h) = (—10,—2), and the axis

of symmetry is y = —2.

Since p = yPimiE the focus is
a

(k+p,h)=(—39/4,-2)

and directrix is * = k — p or
x = —41/4.

1(

-6+

6. By factoring, we find z = —(y — 3)%.
If x =0, then y = 3 and y-intercept is (0, 3).
If y =0, then = —9 and z-intercept is
(—9,0). Since # = —(y — 3)? is of the form
r = a(y — h)? +k, the vertex is (k, h) = (0, 3),
and the axis of symmetry is y = 3. Since

the focus is (k+p, h) = (—1/4, 3) and directrix
iszx=k—porxz=1/4.
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5,
3
1,
— X
-9 -1

7. Since ¢ = Va2 — b2 = /36 — 16 = 2/5,
the foci are (0, :|:2\f

&

8. Since ¢ = Va2 — b2 = /64 — 16 = 4/3,
the foci are ( :|:4f 3,0)

>

9. Since ¢ = Va2 — b? = /24 — 8 = 4, the
foci are (1,1 £4), or (1,5) and (1, —3).

10. Since ¢ = Va2 — b2 = \/16 7 = 3, the
foci are (—2 4+ 3,1),

Copyright 2013 Pearson Education, Inc.

(1,1) and (—5,1).

11.

12.

13.

14.

15.

Since ¢ = Va2 — b2 =
the foci are (1,3 + v/2).

Since ¢ = Va2 — b2 =

foci are (;, -+ 2\[) (

center 0

, radius 9

Divide by6 so 22 +y? = 6 has

center

, radius V6

&

center

), radius 2

2’

V10 -8 = /2,
V16 —4 = 2/3, the
—14+4v3

2
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16. center (2,—3), radius 3

17. Completing the square, we have

25
:r2+5:c+Z+y2 = -

5\2

and so center is (—5/2,0) and radius is /6.

18. Completing the square, we find

9 25
x2—|—3x+1+y2+5y+z =

() -

and so center is (—3/2, —5/2) and radius is 3.

1
2
9,

9

4

25

4

CHAPTER 10 THE CONIC SECTIONS

23. Since ¢ = Va2 + b2 = /82 + 62 = 10,

b 3
foci (£10,0), asymptotes y = +— = izx
a

y

N ES

. Since ¢ = Va2 + b2 = V102 + 8 = 2/41,

)
foci (0,42+v/41), asymptotes y = j:% = j:Zx

. Since ¢ = Va2 + b2 = V8 + 42 = 4/5,

the foci are (4,2 4 44/5). Solving
8
foryiny—2::|:1(:n—4),

asymptotes are y = 2z — 6 and y = —2x + 10.

. Since ¢ = Va2 + b2 = /102 4 152 = 5v/13, the

foci are (5 & 5v/13,10). Solving for y
15

iny—10 = :EE(:L' —5), we find that
3 5
the asymptotes are y = 3% + 3 and
= —§x+ 5
YTt Ty
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27.

28.

29.
31.
33.

35.

Completing the square, we have

2 — 4o — A(y* — 8y)
22 —dx+4—4(y* -8y +16) =
(x—2)° —4(y—4)° =

(56_42)—(21—4)2 =

64
6444 — 64
4

1

Y

and so ¢ = Va2 + b2 =22 +12 = /5, and
the foci are (2 ++/5,4). Solving for y

1
iny—4= :I:i(x — 2), we get that the

1 1
asymptotes are y = §m+3 and y = —§x+ 5.

y

Completing the square, we obtain

y* — 6y +9 — 4(z* — 122 + 36)
(y —3)* — 4(z — 6)°

(y—3)? (z-6)°
144 36

= 144
= 144

and so ¢ = Va2 + b2 = V122 + 62 = 6/5, and
the foci are (6,3 4 6+/5). Solving for y

12
iny—3=

j:g(x —6), we find that the

asymptotes are y = 2x —9 and y = —2x 4+ 15 .

y

15

w

©

Hyperbola 30. Circle
Ellipse 32. Circle
Parabola 34. Parabola

Hyperbola 36. Ellipse

37. 22 +y? =4 is a circle

y

/
N

38. Since 22 — 4y? = 4, % —y?=1.

)
»

y

3

i X

2

39. Since 4y =22 —4, y = 2% — 1.

1
40. Since 4z = 3% + 4, x—fy + 1.

y

/
2\

2
41. Since x? 4 4y? = 4, r +y2=1.

o
AN

y

4

/—
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42.

43.

44.

45.

46.

47.

Since 22 +y? — 4y +4 =4, 22 + (y — 2)? = 4.

y
5

Since x2 — 4z + 4 + 4y? = 4, we find

(z —2)

(r —2)? +4y? = 4 and +y? =1

y

o

Since 2 — 4z +4 = (y + 2)? + 4, we get

(222 (y+2)? _

1
4 4

Since the vertex is midway between the

1
focus (1,3) and directrix x = 2 the
texis (1,3) and p= 1. S
vertex is | .3 ) and p = 7. Since

1
a = — =1, parabola is given by
4p

3
x:(y—?))z—!—z.

Since radius is v/22 + 82 = /68, the

circle is given by z? + y? = 68.

From the foci and vertices, we get

¢ =4 and a = 6, respectively. Since

b2 =a? —c? =36 —16 = 20, the
22

ellipse is given by ;—6 + o0 = 1.

48.

49.

50.

51.

52.

53.

54.

55.

CHAPTER 10 THE CONIC SECTIONS

y2 .’B2

We use the form 2, =1.

From the y-intercepts, we find a = 3.
From the slope of the asymptotes,

we obtain % =3 and so b=1.

y?
An equation is 9~ 22 =1.

Radius is /(=1 — 1)2 4+ (—1 — 3)%Z = v/20.
Equation is (z — 1)? + (y — 3)% = 20.

Midway between the foci is the center (1,2).
Distance between center and a focus is ¢ = 2.
Distance from center to vertex is a = 4.
Since b = a? — ¢ = 16 — 4 = 12, an equation

-1 2 -9 2
N CE U

16 12
From the foci and z-intercepts one gets
¢ =3 and a = 2, respectively. Since
¥=c2—-a>2=9—-4=5, the

22 2

hyperbola is given by T 5" 1.

Since the vertex is midway between the
focus (0,3) and directrix y = 1,

vertex is (0,2) and p = 1. Since

1 1
a = — = —, parabola is given by
4p 4
L o
=- 2.
Y 43: +

Since the center of the circle is (—2,3) and
the raidus is 3, we have (z+2)%+(y—3)% = 9.

Note, the vertex of the parabola is (2,3). An
equation we can start with is y = a(z—2)?+3.
Note, the graph passes through (1,2). Substi-
tute, v = 1 and y = 2 into y = a(x — 2)? + 3.
Then 2 =a+ 3 or a = —1. Thus,
y=—1(r—2)2+3o0ry=—a?+4x — 1.

Note, the center of the ellipse is (—2,1). Using
the lengths of the major axis, we get a = 3 and
b = 1. Thus, an equation is

(x+2)?

—-1)?=1.
g Tw-1
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CHAPTER 10 REVIEW EXERCISES

56.

57.

58.

59.

Note, the center of the hyperbola is (0, 0).
Using the fundamental rectangle, we find
a =3 and b = 3. Then an equation is

2 2
LA
9 9
Note, the center of the hyperbola is (2, 1).

By using the fundamental rectangle, we find

a =3 and b = 2. Thus, an equation is

(y—-1? (z-27° _
9 1

1.

Note, the center of the ellipse is (0,0).
By using the lengths of the major axis, we get
a =>5 and b= 2. Then an equation is

2 2
R
4 25
A-C 3-3
Not t20 = ——— = —— =0.
ote, co 5 1
Then 6 = /4,
x’—y’
x = ' cos(m/4) — y sin(w/4) =
(m/4) — ¢ sin(7/4) 7
and
/_|_y/
= o' sin(7w/4) + ’cosw4:x
(m/4) +y' cos(m/4) 7

Substitute into the original equation.
z — y/)Q
3 +
(7
A (:L‘/y/) <$/+y/> 3 <$/+y/>2+
V2 V2 V2
(x/_y/> B (fL’l—Fy/) _O
V2 v2 )
Multiplying by 2, we get
32" —y')? +4((2")? = (v))+
3(z' +¢/)? + V22 —y) = V20" +y) = 0.

Expanding and combining like terms, we get

10(z")? 4+ 2(y)% — 2v2y = 0.
Simplifying, we obtain
52"+ (y) = V2y' =0

which is an ellipse.

60.

61.

701

Note, cot 20 = A-C = =

B -3y3 3

Then 0 = 7/3,

W,
x =2’ cos(m/3) — y sin(r/3) = :U2\f3y

and

V32! +

y = &' sin(n/3) + y' cos(m/3) = 9

Substitute into the original equation.

. :z’—\/gy’ 2
2

3/3 (x' —2\/§y’> (\/gx’—i-y’) .

/ / 2 / /
2<\/§x2+y> +<x —\/32/)_
(\/M> o

2

Multiplying by 4, we get

5 (ac’ — /3y )2 —

3V3 (2~ V3y) (V32 +y/) +

2 (\/gx’ + y')2 +2 (a:’ — \/§y’) —

2 (\/gx’ + y') =0.
Expanding and combining like terms, we get
2(2')? +26(y')% +2(1 — V3)2' — 2(1 + V3)y = 0.
Rewriting, we get

(@) +13(y") + (1 = V3)2' = (1+V3)y' =0

which is an ellipse.

Note, cot 20 = Z_f?} = \}g Then 6 = 7/6,
x = ' cos(m/6) — ¢/ sin(r/6) = \/§m’2—y’
and
y = ' sin(m/6) + v/ cos(m/6) = 3:’—|—2\/?:y’

Substitute into the original equation.
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2
3/_/
9 f% ) +

o (220)(£52).

2
o \/gy/ 2 o + /3y
— ) 2T )=

Multiplying by 4, we get

9(V3a' — ) + 8VA(VB — (o' + V3 +
(&' + VBy P+ Ala’ + V3y') = 0.

This simplifies to
52(2')? —12(y')? + 42’ + 4V3y = 0.
Thus, we obtain the hyperbola

13(2')2 + 2’ — 3(y')2 + V3y' = 0.

A— _
62. Note, cot 20 = BC = 37\/53 = 0. Then
0 =m/4,
v = o/ cos(n/4) — o sin(r/4) = Y
and
_ o sin(m/4) + o cos(n/a) = 2T
Y Yy \/5

Substitute into the original equation.
z — y/>2
3(———| +

(2

:L‘/—y/) (:L‘/—{—y/> (m’—}—y’)2
V2 +3 +

(55 (5 V3
(fL’l—y/) (x/_'_y/)_o
V2 V2 '

Multiplying by 2, we get

3(2' —y)? + 7TV2((2')? — (v)*)+
(2" +y)? +V2(a’ —y) = V2(2' +y) = 0.

Expanding and combining like terms, we get

(6 +7V2)(z)? + (6 — 7V2)(y)* — 2v2y =0

which is a hyperbola.

63.

64.

CHAPTER 10 THE CONIC SECTIONS

A-C 4-4
Note, cot 20 = = =0 and
B —6v/2
6 = m/4. Then
x = 2 cos(m/4) — y sin(mw/4) vy
= e — e =
Yy NG)
and
y = ' sin(m/4) + v cos(w/4) = vy
V2

Substitute into the original equation.
Tz — y/ 2
(57) -
V2
6<x1_y/> ($/+y/)+4<$,+y,)2
V2 V2 V2
- y/> ' + y/
2\ ——=— | +2 ( ) +1=0.
() (%5
Multiplying by 2, we get

4" —y)? = 6((2')* — (1)) +
4(2"+y) 2 —2v2(2 -y ) +2v2(2' +y') +2 = 0.

Expanding and combining like terms, we get

2(z")? + 14(y)? + 42 +2=0.
Simplifying, we obtain the ellipse
(@) +7(y)? +2v2y + 1 =0.

A-C 3-(-9) -1

Note, cot 20 = B = 13 — % and
6 = /3. Then

x =2’ cos(n/3) — y sin(r/3) = ac’—zx/gy'
and

y = ' sin(7/3) + ¢ cos(7/3) = \/§x’2—|—y’

Substitute into the original equation.

3(56'2\/31/ -
123 <a:’ —2\/31/) (\/33:’2—1— y’) B
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CHAPTER 10 REVIEW EXERCISES 703

9 V3z' + y’>2 +3 (3;' - \/§y’> n 71. Parabola with directrix y = 3
2 2
32 / ’
<f2+y> _o.

Multiplying by 4, we get
B(x’—\/gy/)Q— : ZEEN o
12v/3 (x’ - \/gy’) (\/§x’ + y') - / N \
9 (\/gx’ + y')2 +6 (9:’ — \/gy’) +
2 (x/ﬁx’ —|—y’) =0.

Expanding and combining like terms, we

obtain 72. A parabola with directrix x =5
—60(2")24+36(y')2+(64+2v3)2’— (6v/3-2)y' = 0. \
Rewriting, we get the hyperbola 4\
3+3 3v3—1
—15<x'>2+<*f; ) <x'>+9<y’>2—< v ) (v)=o0. e :
65. Hyperbola since /

B? — 4AC = 3% — 4(0)(0) = 9 > 0.

1
.4
; _ 2% : :
66. Ellipse since 73. Since r = T %COSG’ we have an ellipse with
B® —4AC =1 —4(1)(1) = =3 < 0. directrix x = 4

y

67. Parabola since

B% — 4AC = 207 — 4(25)(4) = 0.

68. Ellipse since

B% —4AC = 3% —4(4)(1) = -7 < 0. K//
1

69. Hyperbola since

B? —4AC = (12v/3)% — 4(1)(9) > 0.

-6
- __ 36 :
70. Parabola since 74. Since r = 1+ lsing’ we have an ellipse
B? — 4AC = (-8)" — 4(2)(8) = 0. with directrix y = 6
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2.1
75. Since r = ——Y% — we have a hyperbola
1—2cosf
1
with directrix = = 6
11
76. Since r = %, we have an ellipse
1 — 7sin0
with directrix y = —1
3 4
.= —— =—
" 1+sinf " 1—sinf
1
79. Since r = ﬂ, we find r = 78
1—3cosf 1—3cosf
4-8 32
80. Si = " tp—_—— "=
e cos0” 8 T T T dcosh

81.

82.

84.

85.

CHAPTER 10 THE CONIC SECTIONS

1.9 9
Note, r = 317 Then r = ——.
1—}—351119 3 +sin6
1
=12 12
Not =—4 = Sor=-—"_.
e 1—%sin9 or 4 —sin6
2 y?
. Th tion is of the f ——==1
e equation is of the form 1002~ 12

Since the graph passes through (120,24+/11),
we get

1202 (24V/11)2

— = 1
1002 b2
6336
2o 6336
0.44
v = 120%
g2 y?
Equatlon 1S W - W - 1
Si =10, a = L _ 1 d th
ince p = ,a—4p—40an e
parabola is given by y = Ezj.

The thickness at the outside edge is

1
y = @152 = 5.625 inches.

Note ¢ = 30 and a = 34. Then an equation we

2 y?
can use is of the form 32 + 72 =1.

Since b? = a? — ¢ = 34% — 30% = 162, the

equation is

To find h, let x = 32.

322 2
— 4 L = 1
342 162
322
2 2
= (1-5 )1
y ~ 5.407.

Thus, h = 2y ~ 10.81 feet.
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CHAPTER 10 TEST

Thinking Outside the Box XCIII

a) Let point P(z,y) represent the coordinates of
the paint brush, and let AP = a, BP = b.

y
A
B
P(x,y)
a X
B
Then we find
sin 3 = E, sina = 2
a b

sin? 8 4 sin® o

Since sin 3 = cos «, we obtain
2 2
x
(&) ()
a b
= cos’a +sin’a

2 2
T+ -
a b2
Thus, the curve is an ellipse.

22 2
b) An equation is ) + = 1, see part a).

Chapter 10 Test
1. Circle 2% + 9% =8

y

2 y2

X
2. Ellipse — + 2 —1
PS¢ 5" 100

705

3. Parabola y = 22 + 62 + 8

y

7. By completing the square, the equation can be
written as (v — 4)? — 16 = y%. This is a
hyperbola.

8. By completing the square, we can rewrite the
equation as (z — 4)2 — 16 = y. This is a
parabola.

9. By completing the square, we can rewrite the
equation as —(z — 4)? + 16 = y%. This is a
circle.

10. By completing the square, the equation can be
written as —(z — 4)? + 16 = 8y>. This is an
ellipse.
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11.

12.

13.

14.

15.

16.

17.

18.

Since (2v/3)% = 12, the circle is given
by (z+3)? + (y — 4)* = 12.

Midway between the focus (2,0) and directrix
x = —2 is the vertex (0,0). Since p = 2,
2

NS U 1
a=-—=—. uation 1S r = — .
ap g 4 g”

22 g2
Equation is of the form — + = = 1.
22 g2
Since a? = % + ¢ =22 + \/62 =10,
2 2
. . X )
t —+==1
equation is 1 + 10
From the foci and vertices one gets ¢ = 8
and a = 6. Since b? = ¢ — a® = 8% — 62 = 28,
22 g2

equation is — — =— = 1.
36 28

Complete the square to get y = (v — 2)? — 4.

So vertex is (h, k) = (2, —4), axis of

t =2,a=1l,andp=— = —.
symmetry £ =2, a =1, and p = - = 7
Focus is (h, k + p) = (2,—15/4) and
directrix isy =k —p = —17/4.

2 42
Since 16 + 1= 1, we get

c=Va2 -1 =442 - 22 =2/3.
Foci are (£21/3,0), length of major
axis is 2a = 8, length of minor axis is 2b = 4.

2

Since y? — % =1, we obtain

c=Va2+ 12 =12 +42 = /17.
Foci are (0, £4/17), vertices (0, +£1),

1
asymptotes y = :tza:, length of transverse

axis is 2a = 2, length of conjugate axis is
2b = 8.

Completing the square, we find

1 9
2 1 2 7
a:+:r—|—4—|—y 3y+4 1171

(- -

1
The center is (—2, ;) and the radius is g

=]

19.

20.

CHAPTER 10 THE CONIC SECTIONS

4-3 1
Note, cot20 = —— = —— and 0 = 7/6.
Vi /
Then we get
r
x = 2’ cos(m/6) — ¢/ sin(7/6) = \/§$2y
and
/ /
y = 2’ sin(7/6) + ¢ cos(7/6) = :C+2\f3y
Substitute into the original equation.
2
r
4 ‘/ng Y1)+
3 I ) / 3 /
\/§<fx y)<x +fy>+
2 2
(.Z‘I—I-\/gy/)Q <\/§$/_y/>
3\l——— | t|—— |-
2 2
("r,+\/§y/>
— =0

Multiplying by 4, we get
4(\/3.%’ _ y/)2 +
VB(V3E' —y)(a' + V3y) +
3(x" +v3y)? +2(vV32' — ) —
2(2' +/3y') = 0.
This simplifies to
18(2")2+10(y')*+2(V3—1)2’ —2(V3+1)y = 0.
Dividing by 2, we get the ellipse
9(a")* +5(y)* + (V3 -1)2' = (V3+ 1)y = 0.
Since
-4
r=——"
1+ 5sin6

N[ —

we have an ellipse with directrix y = 4.

y

2

/TN

-3 3
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21. Since
$2 y2
el AR
225 + 81
we find a = 15 and b = 9. Note,

c=+va2—c2=+152-92 =12,

Since the foci are (£12,0), the distance from
the point of generation of the waves to the
kidney stones is 2¢c = 24 cm.

Tying It All Together

1. Parabola y = 62 — 2
y
9
1
3 5 X
2. Line y = 6x

y
6
X
-1

3. Parabola y = 6 — z2

il
Fo

4. Circle 22 +y?> =6

y

/j
N

X

),
J

5. Liney=x+6

A

-6 -2

6. Parabola z = 6 — g2

y

[

KN

\ X
-

7. Parabola y = (6 — 2)? = (v — 6)?

y

X
4 6

8. y = |z + 6| goes through (—6,0), (—5,1)

y

v/

9. y = 67 goes through (0,1), (1,6)

y
6
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708 CHAPTER 10 THE CONIC SECTIONS

10. y = logg(z) goes through (6,1), (1/6,—1) 15. Line 22 + 3y =6

y y
5

'
iy

1 X
/1 6

16. By completing the square, the equation may

1
11. y = has asymptotes = +v/6 _2)\2 2
z? —6 be written as @=3)" v = 1. This is
y 3 3
a hyperbola.
y
1
3 5 2
-1
234 X
2
2 2
12. Ellipse T + yo_ 1
9 , 4 17. Solving for x, we get
3 3r—9+5 = -9
Jr = —b.
The solution set is {—5/3}.
18. Solving for x, we find
22 42
13. Hyperbola e 1 oz — 8z +12 = 17
y -3z = 5.
The solution set is {—5/3}.
2
\ / X 19. Solving for x, we obtain
4 \
2
/ 2 3 3
2 — =% = =
x 373 + 3z 5
5 13 3
r—— = =
14. y = x(6 — 2%) goes through (0,0), (+/6,0) 6 2
, 11
br = —.
! 3

The solution set is {11/15}.

al |44 20. Solving for x, we have

—dr+2 = 3xr+2
—7x = 0.

The solution set is {0}.
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TYING IT ALL TOGETHER 709

21. Solving for z, we find 26. In solving 22 — 342 + 290 = 0, one can use
) . 3 1 the quadratic formula. Then
2T % T 313 _ 34+ /347 — 4(1)(290)
11 2
2 T % 34+
44 o= Ty
x = —. .
6 34 4+ 2i
x = 5
Solution set is {22/3}. r = 1744
22. Multiplying both sides by 100, we obtain The solution set is {17 £ i}.
5(z — 20) + 2(x +10) = 270 27. identity
or — 100 +2x +20 = 270 28. scalar
Txr = 350. 29. m x p
The solution set is {50}. 30. identity
23. By using the quadratic formula to solve 31. determinant
2 R — :
2x° + 31z — 51 = 0, one obtains 39, determinant
r = —31+ /317 — 4(2)(=51) 33. Cramer’s rule
4
—31+ 1369 34. parabola
B 4 35. axis of symmetry
o —=31+37
- 4 36. vertex
3
= —17. 37. ellipse
3 38. circle
The soluti tis ¢ =, —17>.
e solution set is {2, } 39. hyperbola
24. Since (22 + 31) = 0, the solution set Concepts of Calculus
is {0, 321} 1. The quadratic equation

22 —mzr—b=0
25. By using the quadratic formula to solve
22 — 342 + 286 = 0, one obtains has exactly one solution exactly when the dis-

criminant is zero. Recall, the discriminant is

_ 3438 - 1)(286) (—m)? — 4(1)(~b) or m? + 4b.

34 ++/12 i Thus, the quadratic equation has only one so-
= Ty lution exactly when
- 34i22\/§ m?+4b =10
r = 17+3. or equivalently when
1
The solution set is {17 + \/§} b= _ng
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2. Substitute y = 2 into y — y; = m(x — 1) and
solve for m. Then

P Y1 m(x — 1)
2

r*—mx+ (mx;—y1) = 0

22 —mzx+ (mxy —23) =

If there is exactly one solution for z, then the
discriminant b?> — 4ac must be zero. Thus,

m? — 4(mx, —23) =

4z? — Amxy +m? =

(22, —m)?
The value of the slope at (z1,y1) is m = 2z.

3. Based on the answer to Exericse 2, we obtain
that the slope m of the tangent line at (3,9) is

m = 2x; = 2(3) = 6.

Now, substitute + = 3 and y = 9 into the
slope-intercept form

y=6z+0b
of the tangent line.

= 6(3)+b
= 18+b
b = —9

The tangent line is given by

y = 6x — 9.

4. Note, by using Exercise 2, we obtain that the
slope m of the tangent line through (3,9) is

m = 6.

If « is the angle made by this tangent line with
the horizontal, as shown below,

CHAPTER 10 THE CONIC SECTIONS

then
tana = 6.

Moreover, it follows from

0:

s
- -«
2

that

1
tanf = cota = —.
an cotor = o

Thus, tanf = %.

5. From Exercise 4, we obtained tanf = %. Then
by using a double angle identity we find
2tan(6)
tan(20) = —————
an(26) 1 — tan2(6)
_2(1/6)
1-1/36
13
- 35/36
12
tan(20) = —.
an(260) 35

6. In the right triangle below, the endpoints
y

(0, 0. 25)
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of the hypotenuse are (3,9) and the focus
(0,0.25) of the parabola y = z2. Next,we
calculate tan (3.

opposite

tan =
b adjacent

3

9—0.25
3

8.75
12

tanfg = 35
. 12 o
Since tan 8 = tan(20) = BT by Exercise 5, it
follows that the light ray that reflects off the
point (3,9) passes through the focus (0,0.25)

of the parabola.

7. Note, by using Exercise 2, we obtain that the
slope m of the tangent line at (w,w?) is

m = 2w.

If a; is the angle made by this tangent line
with the horizontal, as shown below,

y

O1
o

then
tana; = 2w.

Let 6; be the angle of incidence at (w,w?).
Then

T
01 = 5 — X1
and
1
tanf; = cotag = —.
2w

And, by using a double angle identity we ob-
tain

4w
tan(291) = m .

711

Next, consider the right triangle below where
the endpoints

y

B1

(0, 0. 25)

of the hypotenuse are (w,w?) and the focus
(0,0.25) of the parabola y = x2. We calculate
tan 1.

opposite
tan Bl = T E—
adjacent
_ w
 ow?-1/4
4w
t = —
an by Aw? — 1

Thus, we obtain
tan f; = tan(26;).

Hence, the light ray that reflects off the point
(w,w?) passes through the focus (0,0.25) of
the parabola.
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